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ARTICLE INFO ABSTRACT
Keywords: Students’ difficulties with argumentation, proving, and the role of counterexamples in proving
Reasoning are well documented. Students in this study experienced an intervention for improving their
Proving . ) argumentation and proving practices. The intervention included the eliminating counterexamples
Contrapositive proving (ECE) framework as a means of constructing and critiquing viable arguments for a general claim.

Teaching intervention
Viable argument
Counterexamples

This framework involves constructing descriptions of all possible counterexamples to a condi-
tional claim and determining whether or not a direct argument eliminates the possibility of
counterexamples. This case study investigates U.S. eighth-grade (age 13) mathematics students’
conceptions about the validity of a direct argument after the students received instruction on the
ECE framework. We describe student activities in response to the intervention, and we identify
students’ conceptions that are inconsistent with canonical notions of mathematical proving and
appear to be barriers to using the ECE framework.

1. Introduction

Yopp (2017) demonstrated that the eliminating counterexamples (ECE) framework for viable argumentation (e.g., proof/proving)
for a general claim was used by a Grade 8 mathematics student (U.S. system, age 13) as she constructed and critiqued indirect
arguments (e.g., contrapositive arguments, or proofs by contrapositive). This framework was grounded in the principle that in
mathematics, quantified general claims are either true or false and that a general claim is true if and only if no counterexample to the
general claim exists. In practice, the ECE framework for proof and proving entailed describing the class of counterexamples to a
general claim and then either (a) showing the claim is false by finding an example that fits this description (a counterexample) or by
theoretically demonstrating that a counterexample must exist, or (b) showing the claim is true by proving that no counterexample
exists. Further nuances and elements of the ECE framework are detailed in Section 2, Background and Framing, and Section 3,
Method, after more context and motivation for the approach have been provided.

The ECE framework was originally developed by the first author (Yopp, 2017) as a way to explain to Grade 8 students, who in
general do not have access to formal logic, why indirect argument methods such as proof by contrapositive and proof by contradiction
are viable arguments for the original claim. However, as Yopp (2017) notes, students who were taught the ECE framework also
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successfully applied it to evaluate direct arguments. These student activities provided insights into the broader possibilities of the
framework.

The way the ECE framework supports direct arguments is less obvious than for indirect arguments but is arguably even more
important, since direct arguments are more prevalent than indirect ones. The way the ECE approach can support reasoning in direct
argumentation contexts warrants a rich exploration, one that until now has not been conducted.

In this article, we address that need for further research by examining how the ECE framework was used by a diverse group of
Grade 8 mathematics students as they critiqued a direct argument. We study the conceptions students presented as they critiqued a
direct argument for a general claim, after the students experienced a viable argumentation intervention that involved the ECE
framework. In particular, we seek to examine the intermediate conceptions (ICs) students developed in response to an intervention
for improving students’ viable argumentation knowledge and practices in Grade 8 mathematics. This study investigates whether those
conceptions supported or interfered with students’ use of the ECE framework to validate a direct argument for a general claim. These
research objectives are stated more precisely as research questions in Section 3, Method.

Throughout this article, we refer to proof and viable argument/argumentation. We use the term proof to refer to arguments for or
against a mathematical statement that use logic and prior results. Grade 8 students may not have access to formal training in
mathematical logic, so we use the term viable argument to refer to an argument that is proof-like but less than formal. For instance, a
viable argument may express the same kind of reasoning as expressed in proofs but may use informal representations and may lack
explicit acknowledgement of some prior results used to make inferences. From this perspective, all proofs are viable arguments, but
some viable arguments may not be viewed by researchers and mathematicians as being complete proofs. Because argument refers to a
product, the term argumentation is used to refer to any and all activities associated with constructing and critiquing an argument.

Using the term viable argument when discussing proof and proving is particularly important to us as researchers based in the
United States. Common Core State Standards for Mathematics (National Governors Association Center for Best Practices & Council of
Chief State School Officers [NGACBP & CCSSO], 2010) uses this term to describe practices K- 12 students will experience and express
as they learn mathematics. These practices are akin to proof and proving practices, and we make the assumption that the re-
commended practices are intended to prepare students for making proofs.

The idea of the ECE framework for viable argumentation is that a description of possible counterexamples to a general claim can
be developed and used to construct and critique an argument. When using the ECE framework to construct an argument for a general
claim, the reasoner works with the description of possible counterexamples to either construct a counterexample, develop a non-
constructive argument for the existence of a counterexample, or construct an argument for why a counterexample cannot exist. When
using the ECE framework to critique an argument for a general claim, the arguer evaluates the argument against a standard of
whether or not the argument demonstrates that all examples meeting the description of counterexamples are impossible.

Eliminating the possibility of counterexamples is not a stand-alone criterion for viable argumentation. Viable argumentation also
involves a variety of other standards. These standards include norms for representing the objects in the domain of the claim, accepted
methods (or modes) of argumentation, and acknowledgement of the prior results needed to make inferences. The ECE framework
serves as an overarching definition of proof and viable argumentation for general claims that expresses a goal and purpose of viable
argumentation and proof. Other tools and standards serve as means of accomplishing this goal of ECE and norms for communicating
the argument. The following hypothetical example illustrates how notions and practices associated with the ECE framework might be
used in a direct argument context.

Consider a hypothetical scenario where the general claim, “If you multiply two square numbers, you will get another square
number,” is presented to a Grade 8 student who does not know whether the claim is true or false. By square number, we mean numbers
that are the square of some natural number. Using the ECE framework, the student constructs a description of possible counter-
examples, “two numbers with two properties: both numbers are square numbers and the product is not a square.” The student
constructs several examples, wondering if she might find a counterexample or find a structural reason for why counterexamples
cannot exist. Not finding a counterexample among the examples tested, the student notices some interesting structure. The product of
25 and 36, written as 5262, makes the meaning of the conditions, products of two square numbers, transparent. In this expression, the
student sees a reason that the product is a square number. By applying an exponent property and the associative property, she
transforms the expression into 30%. The student realizes that this structure is shared by all possible examples of the conditions and that
the algebraic transformation used in this example can be applied to all cases of products of two square numbers, making cases of “two
square numbers” and “a product that is not a perfect square” impossible.

The above example illustrates how the ECE approach might be applied when constructing a direct argument (or proof). Now
consider another student who critiques this argument. The student wonders if the argument is viable (or proof) and assesses whether
or not counterexamples have been eliminated. She constructs a description of all possible counterexamples, examples of two numbers
having two properties, “two square numbers” and “a product that is not a square number.” She assesses whether or not the argument
demonstrates that such examples are impossible by verifying that the representation, structure, and transformations apply to all cases
of two square numbers. With these traits verified, the student concludes that the argument demonstrates examples with both
properties of a counterexample cannot exist. Thus, she labels the argument as viable (or proof).

There are relatively few articles suggesting concrete ways to improve Grade 8 mathematics students’ understanding of proof,
proving, and viable argumentation (Stylianides, Stylianides, & Weber, 2017). The ECE framework offers a novel and promising way
to do this. In fact, Hub and Dawkins (2018) called the ECE approach the only pedagogically useful approach to logical reasoning they
could locate in the literature. In this article, we seek to contribute to the field by ascertaining whether a diverse group of U.S. Grade 8
mathematics students could learn to use the ECE framework in direct argument contexts, and by investigating the conceptions about
mathematical claims and argumentation students developed in order to do so. We explore these students’ understanding and usage of
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the ECE framework in what might be considered an ideal setting: the classroom teacher had emphasized viable argumentation
regularly in her instruction. We examine the students’ reasoning, in light of the ECE instruction the teacher conducted, to study what
kinds of reasoning were revealed that supported and/or interfered with the students’ use of the ECE framework. Through this
exploration and analysis, we make suggestions for future research.

2. Background and framing
2.1. Classroom-based interventions in the area of proof in general

Stylianides et al. (2017) used the phrase classroom-based interventions in the area of proof to describe interventions designed to
improve understanding or use of proof in formal mathematics learning settings at any grade level. Stylianides et al. (2017) wrote,
“The number of such studies is small and acutely disproportionate to the number of studies that have documented problems of
classroom practice [in the area of proof] for which solutions are sorely needed” (p. 253).

A handful of studies involving classroom-based intervention in the area of proof demonstrate that it is possible to shift students’
perspectives on what constitutes proof in mathematics. Interventions have changed students’ acceptances of empirical or intuitive
justifications to desires for more secure justifications (Mariotti, 2013; Stylianides & Stylianides, 2009), improved students’ under-
standings of norms for proof (e.g., Alibert & Thomas, 2002; Goos, 2014), and improved students’ understandings that proofs depend
on certain assumptions (Jahnke & Wambach, 2013). Creating environments where proving tasks are implemented can also improve
students’ understanding of mathematics concepts (e.g., Larsen & Zandieh, 2008; Weber, Maher, Powell, & Lee, 2008). Finally, explicit
instruction about stating existence claims (including counterexample claims) and general claims can improve students’ mathematical
writing, to make this writing more akin to that of mathematicians (Yopp, 2015). Yopp demonstrated that explicit instruction on
standards for generating and presenting arguments in response to a false general claim, and metamathematical practices like those in
Lakatos (1976), improved the responses from elementary-school preservice teachers.

Despite the progress in the field, many interventions in the area of proof focused on the middle grades are either limited in their
effect or lack details about the mechanisms used during the intervention, which are needed for researchers to build upon the in-
terventions. For instance, Fan, Qi, Liu, Wang, and Lin (2017) reported on an intervention with Chinese Grade 8 students that involved
instruction on drawing auxiliary lines to solve proving tasks. The researchers found no effect of the intervention for the treatment
group over the control group. In another article in the same issue of Educational Studies in Mathematics, Fiallo and Gutierrez (2017)
identified types of cognitive unity/rupture that induced students to produce proofs or produce empirical proofs in a case study of two
students. Other than a general description of an environment where proof was emphasized and proof tasks were presented, Fiallo and
Gutierrez did not present a particular intervention that would allow for the analysis of the relationship between the intervention and
the resulting student reasoning.

In contrast, Stylianides and Stylianides (2009) provided an intervention with clear activities, instruction, intended outcomes, and
mechanisms anticipated to cause the desired change in students’ knowledge, thinking, or practices. Their tasks were designed to
create cognitive conflict among preservice teachers (PSTs) about the role of empirical arguments in establishing a general claim.
During intervention tasks, PSTs first accepted their empirical support for their general claims as “proofs,” only to later find coun-
terexamples among the examples not considered in their empirical data. This study was later replicated with high-achieving sec-
ondary students (Stylianides & Stylianides, 2014). Here, the intent was to create skepticism and an intellectual need for more secure
arguments. The tasks were intended to cause mental conflict among students about the security of their empirical arguments. Student
outcomes were measured against a standard for proof of a general claim that was explicit about what is not “proof”—that empirically
testing a subset of cases in the domain of a claim is not secure/proof.

2.2. Background relevant to the eliminating counterexamples framework

The intervention on proof and proving that students in this study experienced, the Longitudinal Learning of Argumentation
Methods for Adolescents [LLAMA] intervention, was grounded in prior research and perspectives on proving and viable argu-
mentation roles and possibilities in mathematics learning environments (Yopp, 2011, 2014. 2015, 2017; Yopp & Ely, 2016). These
perspectives are summarized here before the ECE framework itself is detailed.

2.2.1. The “rules of the game”

The LLAMA intervention reflects the idea expressed by Yopp (2015) that students need explicit instruction on the language of
proof and the technical skills needed to construct viable argument proofs. For this reason, the intervention offered explicit instruction
on the “rules of the game,” meaning the canonical practices and beliefs of mathematicians. These rules of the game include using
generic referents to support general claims and offering candidate mathematical objects with the desired properties to prove existence
claims. Another rule of the game is about restricting claims to domains for which the argument actually provides viable support.
Along these lines, Yopp (2015) found that students benefit from explicit instruction on the mathematical terminology register (e.g.,
for all, if-then, and there exists), about closed sentences (ones with no free variables, so that they are either always true or always false,
e.g. 5 is a positive number) versus open sentences (ones for which truth depends on the values(s) of the variable(s), e.g. x is an
integer), about counterexamples and their meanings, about the distinction between expressing one’s ideas and thoughts and de-
veloping a viable argument or proof, and about the practice of exception-barring.

Studies have found that both students and teachers may believe that a general claim can be proven and yet also have
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counterexamples (Balacheff, 1991; Galbraith, 1981; Potari, Zachariades, & Zaslavsky, 2009; Stylianides & Al-Murani, 2010), although
Stylianides and Al-Murani (2010) report finding no evidence of this misconception when they interviewed participants who at first
appeared to express this view. Consequently, students may also need explicit instruction on the law of the excluded middle in pro-
positional logic and its relationship to mathematical proof of a general claim. In mathematics, this law implies that a general claim is
either true or its negation is true and is an existence claim. A proof either demonstrates that there are no counterexamples to a general
claim or demonstrates that at least one counterexample exists.

2.2.2. Noncanonical and informal arguing

We recognize that students may express and acquire sophisticated ways of thinking about proof, proving, and viable argu-
mentation that are not shared by mathematicians. These noncanonical ways of thinking may be leveraged to more sophisticated
learning conceptions even if experts are unaware of them. To this end, we use Lobato, Hohensee, Rhodehamel, and Diamond’s (2012)
ideas about pivotal intermediate conceptions to support the development of the ECE framework and to ground it in pre-formal student
reasoning. The idea is to leverage students’ emerging ideas of proof, proving, and viable arguments when describing a framework that
is accessible and useful to learners, with a vision of how these ideas could eventually lead naturally to formal canonical expert
practice.

2.2.3. Reasoning schemes

The bedrock of the ECE framework to viable argument and proof as discussed in this article is that mathematical proof and
proving can emerge among students differently from how expert mathematicians might envision them. We acknowledge that the
mathematics education research community has little consensus on a definition of proof and proving (Weber, 2014). However, there
are several characteristics of reasoning usually associated with proof, proving, and viable argumentation that the ECE framework
emphasizes. One characteristic is that reasoning about a general claim involves a goal of establishing that a claim is true or false using
some referent or model, whether mental or physical. This referent or model is used to represent all cases in the domain of the claim
and expresses structural features (e.g., defining properties of the objects at hand) that can be manipulated to demonstrate the
conclusion of the claim (or not the conditions when not the conclusion is addressed). Other characteristics include acknowledging
and using prior results in inferences and being aware of meta-level justifications for the method or mode of argumentation employed
(e.g., direct argument and proof by contradiction).

Spontaneous reasoning, perhaps without formal training, that can be considered viable has been the focus of numerous studies in
the psychology literature. In particular, the mental models reasoning scheme (Johnson-Laird, 1983) asserts that reasoners engage in a
sequence of stages involving representations analogous to the structure of the situation being reasoned about. In a comprehension
stage, the reasoner constructs a mental model of the situation. Here, a model is a representation of the situation or its alternatives and
can include examples, expressions, equations, diagrams, and descriptions. In a description stage, the reasoner develops a concise
description of a model that asserts things not explicitly stated in the premises. In a validation stage, the reasoner searches for alter-
native models (e.g., counterexamples) that might refute assertions developed in a previous stage. If no alternative model is found, the
assertions are taken as valid. Johnson-Laird (1983) summarizes this process as eliminating the possibility of counterexamples.

Mental models is a psychological scheme developed to understand people’s reasoning about conditional claims, but we found the
scheme useful as a theoretical basis as we developed the ECE framework. In many ways, the ECE framework is based on an analog of
the mental models reasoning scheme. Reframed, mental models reasoning can be seen as a natural way of explaining more formal
mathematical logic.

Suppose a reasoner is exploring a mathematical generalization in the form of a conditional claim p(x) implies q(x) for all x. From
the perspective of mental models, that person concludes that claim is true if and only if no counterexamples exist. This biconditional
inference is equivalent to any definition of proof of this general claim that attends to validity and soundness. A proof of not q(x)
implies not p(x) for all x eliminates the possibility of the counterexamples not q(x) and not (not p(x)), which is p(x) and not q(x).
Therefore, a proof of not q(x) implies not p(x) (for all x) eliminates the possibility of counterexamples to the claim p(x) implies q(x) (for
all x). A proof of p(x) implies q(x) for all x eliminates the possibility of the counterexamples p(x) and not g(x) directly. Either way, the
reasoner has imagined counterexamples, which are models alternative to the generalized situation (claim). By arguing that these are
impossible, reasoners are leveraging the validation act of mental models reasoning. In this way, the mental models research provides
a natural way to ground students’ reasoning about the validity of a general claim in their image of what the possible counterexamples
to that claim would be and in their judgment about whether these counterexamples could or could not exist.

One issue with applying the mental models scheme to developing teaching and learning contexts for proof and viable argu-
mentation is that we must ensure that students are viewing the claims we present them as quantified sentences that are either true or
false. Durand-Guerrier (2003) pointed out that statements viewed as quantified (either true or false) by the teacher or researcher may
be viewed as open sentences (true for some cases but not others) by students. Durand-Guerrier (2003) asserted that “natural”
reasoning and conversational norms align more with open-sentence interpretations of conditional claims. Yopp (2015), on the other
hand, demonstrated that students who initially responded “The conditional claim is sometimes true” in response to a false general
claim could be taught to give responses that aligned with quantified interpretations of conditional claims and to develop two ar-
guments, (1) a counterexample argument and (2) an argument for a general claim with a restricted domain.

2.2.4. Theoretical benefits of the eliminating counterexamples framework
The ECE framework offers several theoretical benefits. Yopp (2015) found that students can benefit from developing descriptions
of all possible counterexamples to a general claim when participating in metamathematical practices similar to those described in
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Lakatos (1976); i.e., when developing a mathematical theory about what is true, what is false, and what is uncertain). Furthermore,
the mental models research shows that imagining counterexamples is a mode of thinking that people commonly engage in, and that
people often conclude a general claim is true when they cannot imagine or find a counterexample. The ECE framework clearly builds
on this reasoning by showing that a general claim is true when counterexamples have been entirely ruled out.

The ECE framework allows students to start investigating a claim without committing to a method of argumentation. Students
eventually develop either a direct or an indirect argument without knowing ahead of time which one will be easier or best, since both
types effectively can eliminate counterexamples.

Finally, the ECE framework allows students to understand how direct argument approaches prove a claim “P implies Q” true.
Showing that all things with property P also have property Q shows that cases of P and not Q cannot occur, meaning counterexamples
cannot exist.

3. Method
3.1. Context of the course

Instruction on the ECE framework occurred in the context of a larger LLAMA project/intervention. The LLAMA intervention was
designed to make viable argumentation (e.g., proof) a practice through which students learned Grade 8 mathematics content. The
broader LLAMA intervention was a significant part of the U.S. students’ regular Grade 8 mathematics classroom instruction through
the entire school year, beginning in late August and ending in May. The ECE framework was a smaller part of the LLAMA inter-
vention, although the bedrock of the intervention’s theory was about what makes an argument for a general claim viable or proof, and
so it is impossible to separate the effects of the instruction about the ECE framework from the effects of LLAMA intervention as a
whole. Consequently, this article is not directly a study of the effectiveness of the intervention or its parts. Rather, the focus is on the
conceptions students develop about the ECE framework after receiving the intervention. In this section, we summarize the per-
spective, themes, and activities of the LLAMA intervention as presented to the classroom we examined. Below that, we describe in
more detail the specific conceptual elements of the ECE framework the intervention served to develop for the students. Then in
Section 3.3 we present the specific research questions for this study and in Sections 3.4-3.6 we describe the data we collected to study
those research questions.

During LLAMA lessons, students were provided or were reminded of a formal mathematical definition or a quantified mathe-
matical statement relating to the content to be learned and were asked to develop a variety of general or existence arguments in
response to prompts. The students’ regular classroom teacher was trained in and agreed to adopt a practice of teaching and learning
with and through viable argumentation in which mathematics concepts were taught and learned by participating in viable argument
activities, including developing a viable argument for or against a mathematical claim and, at times, developing the claim. This
teacher’s training included the ECE framework.

The LLAMA intervention was predicated on the notion that high-quality mathematics instruction supports viable argumentation
as a daily feature of teaching and learning and a regular feature of assessment. This notion was aligned with the following summary of
classroom practices.

To conform to the LLAMA notion of teaching and learning with and through viable argumentation, lessons about the content to be
learned involved making or addressing general claims and existence claims about the content and supporting these claims. During
these lessons, the teacher required students to be explicit about the domains to which their general claims applied. She also en-
couraged them to make these domains as general as they could, based on their data and their conceptual insights. She required
students to use precise quantifying language when making existence claims (e.g., “there exists”) and general claims (e.g., “for all”)
and to note when a general claim has a finite or infinite domain. Students and teachers were expected to be skeptical of empirical
evidence (Brown, 2014; Stylianides & Stylianides, 2009) and to be conscious of whether they were generalizing based on patterns in
their results or patterns in their processes (Harel, 2001). Students and teachers were expected to search for conceptual insights
(Sandefur, Mason, Stylianides, & Watson, 2013; Yopp, 2015) that structurally link the conditions of the claim to the conclusion and
explain why the claim holds for all cases. For example, when exploring general claims about lines cut by transversals and the angles
created, students and teachers explored examples, equations, diagrams, and so forth, to find mathematical features that link prop-
erties of angle measures to features illustrated in a diagram that resulted from the properties of the lines. These properties invoked
thinking about prior results.

For example, if two lines intersected, students might conjecture that a pair of interior angles created by the transversal on the
same side of the transversal sum to less than 180 degrees. A diagram illustrating this conjecture might invoke thinking about a prior
result about the sums of the measures of interior angles of a triangle, which provides a link between the properties of the lines and the
angles created. This link provides a conceptual insight for proving the conjecture.

During the LLAMA intervention, students practiced argument approaches, including direct proving; showing every case of the
conditions has the conclusion; creating logical chains, each implying logical necessities; contrapositive proving; contradiction
proving; proving by exhausting all cases; constructive existence proving; and pragmatic (Cheng & Holyoak, 1985) and model-based
(Johnson-Laird, 2005) reasoning that results in less formal arguments. The students experienced the notion of ECE as a way to access
proof in these argument contexts, as detailed below in the ECE intervention.

These guiding perspectives and the perspectives expressed in the theoretical framing were organized into a collection of 12
conceptual pillars (CPs) for students to obtain. Table 1 summarizes these pillars. These pillars were organized into a learning pro-
gression by the researchers. The sequencing of the progression seemed reasonable to the researchers; however, we do not claim that
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Table 1
Conceptual Pillars/Learning Progression of the LLAMA Intervention.
Conceptual pillar Learning progression
1 Students conceive of viable argument as requiring explicitly stated features: a claim, a foundation, and a descriptive or explanatory link
between the foundation and claim.
2 Students conceive of the mathematics register as communicating precise meanings. Students conceive of two types of claims in
mathematics—general claims and existence claims—and they are acutely aware of the domain of the claims they present.
3 Students conceive of viable arguments for existence claims as providing an example in the domain of the claim and demonstrating that the

example has the desired properties.

4 Students conceive of empirical arguments as insecure support for a general claim.

5 Students conceive of exhaustion as eliminating the possibility of counterexamples for general claims with finite domains.

6 Students conceive of proof as eliminating the possibility of counterexamples.

7 Students conceive of valid reasoning for general claims with infinite or large finite domains as applying viable logical reasoning schemas
that eliminate the possibility of counterexamples.

8 Students conceive of referents as representative of all possible examples in the domain of a claim.

9 Students conceive of a viable argument for a general claim as requiring a conceptual insight that applies to all possible examples in the
domain of a claim.

10 Students conceive of a viable argument for a general claim as appealing to and using prior results.

11 Students conceive of an indirect argument for a general claim as viable because it eliminates the possibility of counterexamples.

12 Students conceive of viable argumentation activities as requiring a decision about what mode of argument to use (e.g., exhaustion

argument, existence argument, etc.).

the particular sequence is essential, and perhaps students could acquire all 12 conceptions in another ordering.
3.2. Context of student participants

3.2.1. School-wide practices that supported success in LLAMA framework

While the students in this study represent a typical range of Grade 8 mathematics learners, their school culture was not typical of
American classrooms. This small K-8 school emphasizes depth over breadth at all levels, which was embodied in a culture of
“grappling” and thinking deeply about every subject. Across subjects, students were encouraged to use evidence from text in support
of informal arguments. Students also received explicit instruction on the eight Common Core State Standards mathematical practices
(NGACBP & CCSSO, 2010). Included in the overarching vision of the school was the notion that learning is challenging. Students at all
levels were pushed and supported to do more than they thought they could. There was a school-wide emphasis on justification of
thinking, and students were often asked, “Why do you think that?” “Why does that work?” “How do you know?” and “Will that work
or be the case every time?” In mathematics, students at all levels were expected to make arguments for their solutions; to justify their
reasoning using numbers, words, graphs, and diagrams; and to question and critique others’ reasoning. However, outside of the
LLAMA lessons, these justifications were not necessarily based in canonical mathematical methods and explicit standards for proof,
proving, and viable argumentation.

3.2.2. Classroom practices that supported success in LLAMA framework

These students worked with the same mathematics teacher for Grades 7 and 8. In Grade 7, the teacher formally introduced them
to the practices of generalization, justification, and employing mathematical properties and definitions to justify their thinking. This
work continued through Grade 8. Early in the year of this study, students were taught that to prove a general claim with a large
domain, no amount of empirical evidence is sufficient (i.e., LLAMA, CP 4). They were taught that every case in the domain would
need to be verified, and that is not possible for a sizable domain. Instead, logic was required for such proof/viable argumentation.
Later in the year, students were taught that mathematical definitions, properties, and prior results must be used logically to guarantee
that a given claim is true (i.e., LLAMA CPs 5-10). Students were taught that because a single counterexample proves a general claim
false, to prove a claim true the argument must eliminate the possibility of counterexamples (CPs 6 and 7).

3.2.3. Instruction pertaining to the ECE framework

Instruction directly pertaining to developing the ideas in the ECE framework comprised roughly three hours of class time focused
on developing ideas of CP 6 and CP 7 and occurred prior to the student interviews. Earlier in the year, students participated in two
skepticism lessons in which they checked numerous confirming cases to a general claim and became convinced the claim was true,
only to discover or be shown a somewhat obscure and non-confirming case that proved the claim false. These experiences led to a
healthy skepticism of empirical evidence as the sole support of a general claim with an inexhaustible domain. We mention this
activity not because it was part of the ECE intervention but because, based on students’ responses during the interview, these
activities may have influenced students’ reasoning.

We hypothesized students who received instruction on the ECE framework for general claims would display understanding of the
following intermediate conceptions (ICs), modified from those in Yopp (2017):

IC1: [Definition of counterexample] A mathematical object is a counterexample to a conditional claim if and only if the object
meets the conditions of the claim and does not meet the conclusion of the claim. Consequently, the collection of all possible
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THEN part (conclusion)

IF part Conclusion met Conclusion not met

(condition)

Condition met

Condition not met

Fig. 1. Table for constructing descriptions of conforming, nonconforming, and irrelevant cases.

counterexamples to a conditional claim is characterized by the properties meets the conditions of the claim and does not meet the
conclusion of the claim.

IC2: [Truth criteria for general claims] Conditional claims are true if and only if counterexamples to the claim do not exist (are
impossible). Consequently, general claims are false if and only if there exists a counterexample.

IC3: [Describability of counterexamples] The collections of all possible counterexamples to a conditional claim can be described
by their properties, even when counterexamples are impossible.

IC4:[Direct argument viability condition] Descriptions of all possible counterexamples to a conditional claim can be useful in
evaluating arguments. Arguments for general claims are viable (or proof) if and only if counterexamples are eliminated by
showing every case of the conditions also has the properties of the conclusion.

We anticipate that these ICs may often, although not necessarily, develop in this order. To develop these conceptions, instruction
on the ECE framework included two key elements: (1) developing descriptions of all possible counterexamples to a general claim and
(2) proving a general claim true by eliminating counterexamples.

3.2.4. Instruction on conditional claims, examples, nonexamples, and counterexamples

The teacher used the Wason card selection task (Johnson-Laird & Wason, 1970) to introduce a table structure for conditions and
conclusion of a general conditional claim (see Fig. 1). Students practiced completing the table using nonmathematical claims, such as
“If  have a beagle, then it is a dog” and “If I have a dog, then it is a beagle,” and then extended this work to mathematical claims such
as “If a number is a multiple of 12, it is also a multiple of 4,” its converse “If a number is a multiple of 4, it is also a multiple of 12,”
and “Any pair of lines with different slopes will intersect.” After discussing all four of the types of cases in the boxes, the students
discussed which cases would show that the claim is false. They discerned that cases in the bottom row would not serve this purpose,
because the claim does not apply to these cases, since the claim’s conditions are not met. Students learned that it was only the cases in
the upper right cell, which meet the claim’s conditions but not the conclusion, that show a claim is false. These cases were then called
counterexamples. The teacher explained that since a general claim must be true for all items in the domain of the claim (that meet the
conditions of the claim), if even one counterexample to the claim exists, the claim is considered to be false. The teacher also
confirmed that items not meeting the claim’s conditions (nonexamples) are irrelevant to the claim and do not bear upon whether the
claim is true or false. Fig. 2 illustrates some of our sample students’ responses.

3.2.5. Proving a general claim true by eliminating counterexamples

Instruction on the ECE framework began with claims from everyday life, such as “All mammals live on land.” Students identified
whales and dolphins as mammals that do not live on land and recognized that these animals served as counterexamples, proving the
claim false. The teacher asked students to consider the role of counterexamples in relation to proving a claim true. She said,

This claim is false because we can find a counterexample. What would we have to do with this section [points to upper right cell in
the conforming examples, nonexamples, and counterexamples table]—this conditions met, conclusion not met—to prove that a
claim is true? What do we have to do in order to prove that a claim is true, a general claim is true, if what we are saying is if I can
show a counterexample, then I am proving that the claim is false?

After some conversation, multiple students came to the conclusion that to prove that every single unique mammal lives on land,
you have to prove that there is no possibility of a counterexample. The teacher reiterated this point, saying,

Actually, we have to prove that it is impossible for something to be in that box. It is not like we were just not creative enough or we
forgot about something. . . just nothing could exist in that box. If we can find a counterexample, we can prove that a general claim is
false. If we can eliminate the possibility of a counterexample, then we have a really strong argument to show that our claim is true.
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Fig. 2. Two students’ work on completing tables with descriptions of conforming examples (upper left), nonexamples (bottom row), and coun-
terexamples (upper right).

Students next completed examples, nonexamples, and counterexamples tables to create viable arguments for or against the
following two mathematics claims, identifying a counterexample for a false claim and creating direct arguments for a true claim:

1 If a number is a multiple of 12, then that number is a multiple of 4.
2 If a, b, and ¢ are natural numbers and b > ¢, then a® > a¢.

For Claim 1, students filled in entries in the table for examples, nonexamples, and counterexamples tables; they found that they
could describe the class of counterexamples (multiples of 12 that are not multiples of 4), even though they could not find any specific
counterexamples. As a class, they established that the claim is true because 4 is a factor of 12. The students noted, in their words, that
“anything that 12 goes into, 4 goes into also.” Hence no counterexamples to the claim could possibly exist.

For Claim 2, students described examples, nonexamples, and counterexamples and identified the case a = 1. They explained that
the case a = 1 provides a counterexample. The teacher then asked the students to modify the claim to make it true. Most students
changed the claim’s domain, adding a new requirement that a > 1. Students then argued for the revised claim. One student presented
the example a = 2, explaining that 2-2-2 will be greater than 2-2 because multiplying more copies of a natural number (i.e., more
multiples of the base) creates a greater number. This student attempted to generalize this example, asserting that any natural number
base and any pair of unequal natural number exponents will behave similarly—the number with the lesser exponent will be less than
that with the same base to a greater power.

The teachers leveraged these students’ informal arguments to lead the class in a discussion of how the mathematical definitions of
exponents, multiples, and multiplication, and the properties of exponents, which the students’ arguments implicitly referenced, can
serve to eliminate the possibility of counterexamples to the claims. She referred to the examples, nonexamples, and counterexamples
tables and described how the general reasoning the students provided guarantees that every case in the domain (top row) cannot fail
the conclusion and so cannot be in the right column. In order to make this guarantee clear, she explained, it was important that the
properties and definitions used in their arguments were clear.

3.3. Research questions

We developed the following research questions regarding the students’ argumentation after students received the instruction
described in the previous sections:

1 For students instructed in the ECE framework, what viable argumentation conceptions and subconceptions can be identified in



D.A. Yopp, et al. Journal of Mathematical Behavior 57 (2020) 100751

Table 2

Past Mathematics Achievement Levels of the Sample Students.
Name (pseudonym) 2015/2016 achievement level 2016,/2017 achievement level
Elly Advanced Advanced
Olive Advanced Advanced
Chad Advanced Advanced
Jill Advanced Advanced
Ken Advanced Advanced
Mia Proficient Proficient
Bo Proficient Proficient
Tengu Proficient Advanced
Zach Basic Proficient
Anton Basic Proficient

their reasoning in response to a direct argument task?
2 Which of these conceptions and subconceptions support LLAMA’s vision for viable argumentation and the ECE framework, and
which serve as obstacles?

3.4. Sample

The sample included 10 students enrolled in Grade 8 mathematics who volunteered to participate in periodic interviews
throughout the school year. They represented a diverse level of past academic achievement in mathematics, although students
scoring at the advanced level were overrepresented. These achievement levels were measured by annual mathematics achievement
assessments, using the Smarter Balance Assessment Consortium grade-level assessments (http://www.smarterbalanced.org/). Table 2
illustrates the achievement levels of sample students.

The study took place at a charter school in the northwestern United States. In the United States, charter schools are publicly
funded but are managed by independent not-for-profit organizations and may have limited resources. They follow the same rules and
regulations as public schools and participate in the same state-mandated assessments.

3.5. Data

The instruction on the ECE framework occurred in early February, and data were collected in mid-February using a two-part semi-
structured task-based interview. In Prompt 1, participants were asked to consider the claim If you multiply two square numbers, you will
get another square number, to determine what properties a counterexample to the claim would have, and to provide a written response
with their ideas. They were provided with the table in Fig. 1, which they had used previously for the purpose of identifying properties
of counterexamples.

Once students completed this part of the task, they were asked probing questions, such as “Do you think the claim is true or false?”
“Can you think of any counterexamples to the claim?” and “Can you make an argument for the claim?”

In Prompt 2 of the interview, students were presented with an argument for this same claim and were asked to determine if the
argument eliminated the possibility of there being any counterexamples and to explain why or why not. The argument is given below.

Claim: If you multiply two square numbers, you will get another square number.

Argument: Say you have two square numbers. That means you can write them as a® and b?.
Their product is a%b?

= (a-a)- (b-b)

=a-b-ab

= (a<b)*.

Since the product can be written as something squared, that makes it a square number too.

After writing their responses, students were asked probing questions such as “Do you understand the argument?” “Do you think
the argument is viable? Why or why not?” and “Do you think the argument eliminates the possibility of their being a counterexample
to the claim?” They were allowed to modify their written response at any point in the interview. Interviews were video recorded and
later transcribed, and student written work was collected.

3.6. Data analysis

Data were first analyzed by the researcher who conducted the interview. The first four authors each interviewed two or more
students. Each researcher then drafted a summary of the students’ responses relative to the ECE framework, focusing on student
comments and writings that conformed with or diverged from anticipated responses. These summaries drew on and integrated
student responses to both Prompts 1 and 2 and included example student comments from the transcriptions and pictures of student
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work to illustrate and support the researcher’s analysis.

The summaries were presented to the first author as the research lead. The first author then read the summaries and reviewed the
transcripts and copies of student work to validate the analysis. The summaries were organized into groups of similar responses. The
data were then reanalyzed using the ICs mentioned above as a framework. Each student’s data were analyzed for evidence of whether
or not each IC was expressed, using a constant comparison approach in which the emerging descriptions of the students’ data were
compared to the ECE framework and the ICs until descriptions of students’ thinking and activities emerged and stabilized. Ultimately,
descriptions of students’ thinking and activity were organized into those that conformed with our intended instructional goals (using
the ECE framework as theorized), as expressed through the ICs, and those that diverged from our intended instructional goals.
Students whose thinking diverged from our instructional goals were then organized into the groups in which the divergent thinking
appeared to support an understanding of the ECE framework, perhaps in ways we had not envisioned, and groups in which thinking
diverged from the ECE framework and was perhaps a barrier to acquiring conceptions consistent with our instructional goals.
Through this process, we were able to elaborate on the ICs and identify conceptions within the ICs that we had not anticipated, which
we call “sub-ICs,” or subconceptions. For coding purposes these subconceptions we identified are each necessary, and together they
are sufficient, for the student to be coded as displaying the broader IC. In other words, we coded a student with IC3 if and only if they
displayed evidence of IC3a-c.

4. Findings

All students are described using pseudonyms. Nine of the 10 students leveraged the ECE framework in some manner and usefully
brought the framework to bear when assessing the viability of the argument provided. Four of the students—Jill, Elly, Chad, and
Olive—demonstrated correct and robust understandings of the ECE framework and used the framework explicitly to evaluate the
viability of the argument. Five of the students—Ken, Tengu, Zach, Mia, and Bo—showed significant understanding of the ECE
framework but displayed some obstacles to using it effectively. One student, Anton, showed little understanding. In this section we
detail these students’ reasoning in order to highlight particular conceptions of the ECE framework that emerged through our analysis.

4.1. Intermediate conceptions 1-3

Most of the students in our sample explicitly articulated an understanding of IC1 and IC3 in response to Prompt 1. Most showed
understanding of IC2 as well, although not always as explicitly. We detail these understandings in this subsection.

Eight of the 10 students—all except Zach and Anton—clearly articulated an understanding of IC1. Here are a few representative
examples of comments they made indicating this understanding:

e Elly: “[A counterexample is] when the condition’s met and the conclusion is not met.”

e Ken: “Basically a counterexample is when the ‘if’ part, the condition is present, is met, but then the conclusion isn’t. So the
counterexample would be when you multiply two square numbers, so the condition is met, but then you don’t get another square
number.”

e Tengu: “A counterexample would meet the conditions but not the conclusion of a claim.” Tengu added “that the conditions of this
claim were that two square numbers multiplied together, and that the conclusion of the claim is that you would get another
perfect square,” and wrote, “a counterexample would be a ‘not perfect square’ that you could get by multiplying two squares
together.”

Eight of the 10 students—all except Bo and Anton—articulated a clear understanding of IC3. Bo showed a nearly complete
understanding, but we later discovered he lacked a subconception, which we had not anticipated. This will be described below. All
eight accurately described the properties that a counterexample to the given claim would have, as Ken and Tengu’s quotes show in the
previous paragraph.

Most students used the examples, nonexamples, and counterexamples table to reason about what counterexamples to the claim
would look like. For example, Chad wrote that “a counterexample would be if you multiplied two squares and didn’t get another
square” and then filled in the table (see Fig. 3), offering examples in three of the bins. He described how each of the cases in the four
boxes in the table bore upon the claim: “Everything else wouldn’t apply,” pointing to the bins in the bottom row, “or [would] be in
this box,” pointing to the box for conditions and conclusions met. “Neither of these boxes [bins in the last row] apply because if it
doesn’t have the if part, the conditions, then it doesn’t matter if you get the conclusion. . . but if it gets the if but not the then, that’s
when it’s a counterexample [italics added].” Chad then stated that he thinks there is no counterexample to the claim but also
acknowledged that his empirical work did not prove this assertion.

Based on the students’ responses, we found that IC3 actually contains several distinct elements. These elements we discerned and
labeled IC3a, IC3b, and IC3c.

IC3a:Counterexamples to a claim can be described in terms of their properties (meets the condition but not the conclusion).

Nine of the students articulated this particular combination of properties for this claim, as Chad did above, “A counterexample
would be if you multiplied two squares and didn’t get another square”. The 10th student, Anton, instead did not consistently treat
counterexamples (or other kinds of examples) as objects simultaneously displaying a pair of properties. He did not use words like
“and” or “but” to connect the properties of “meets the conditions” and “meets (or does not meet) the conclusion.” Rather he used
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Fig. 3. Chad’s written work in the examples, nonexamples, and counterexamples table.

conditional language like “if,” expressing directional thinking, as if the conditions or conclusions must be met first before the other
part can be discussed or negated. Anton’s case underscores the importance of IC3 in our situation. As will be demonstrated shortly,
Anton’s inconsistent description of potential counterexamples interfered with his ability to apply the ECE framework to assess the
argument in Prompt 2.

IC3b: The cases with the properties in IC3a comprise all of the counterexamples to the claim.

Eight of these students explicitly said that the cases satisfying the conditions and not the conclusions represented all the coun-
terexamples to the claim. For instance:

e Ken: “In my saying that I have two square numbers but when multiplied they don’t equal another square number, yeah, I think
that that encompasses all counterexamples.”
e Elly:

Interviewer: How do you know this [pointed to her description] describes counterexamples?

Elly: Because the condition’s met and the conclusion is not met.

Interviewer: Does your description describe all counterexamples or just some of them?

Elly: The description is all counterexamples, I think.

Interviewer: Why do you think it is all counterexamples?

Elly: Because this is opposite of the conclusion and this is the conditions [pointed to the respective parts of her description], so the
condition’s met and the conclusion is not met.

Yet this idea of all counterexamples is distinct from IC3a, because one student, Bo, did not display this understanding even though
he understood IC3a. He wrote, “A counterexample would need to show that you could multiply two square numbers and get a number
that is not a square number, showing the claim doesn’t work.” But when asked if this represented all possible counterexamples, Bo
said there might be some others. He was uncertain how these “others” might be different from those he described, but he was
unwilling to say they didn’t exist. This response motivated us to construct another subconception that might be important to a
complete understanding of IC3:

IC3c: Potential counterexamples may be hypothetical entities, especially if the claim is true.

Bo had a speculative notion about unrealized or abstractly conceived counterexamples, but Bo lacked the notion of counter-
examples as hypothetical entities as we envisioned them. For Bo, counterexamples are speculative entities in that, for the sake of
argument, these unidentified objects might be out there, somewhere. Yet, to use the ECE framework to validate a viable argument for
a general claim, the idea of potential counterexamples is entertained as a way of assessing whether or not these hypothetical objects
have been eliminated. For the ECE framework to be effective, these hypothetical objects must be characterized by their properties. As
stated in IC3a, the student pins down the exact properties of these hypothetical entities to determine whether or not their existence
has been eliminated. Consequently, IC3c can potentially serve as either an affordance or a barrier to using the ECE framework when
validating a viable argument for a true mathematical general claim depending on whether IC3a and IC3b are in place.

In fact, most of the students in our study believed the general claim we gave them to be true and stated that there were no
counterexamples to it (IC2). Yet these students could articulate what the properties of counterexamples would be. Many students used
the subjunctive mood to describe this, such as Jill’s use of “would have” when she said, “A counterexample would have two perfect
squares multiplied together and have a product of a non-perfect square.” It may also be that students were mirroring the interviewers,
who also tended to use this terminology, but we assert that the subjunctive mood expresses students’ awareness that eliminating
counterexamples involves entertaining the notion of possible counterexamples, even when they believe counterexamples do not exist.

Focus on whether or not an argument eliminated counterexamples also promoted students to focus on the domain of the claim.
This is because they were imagining examples that satisfied the claim’s conditions (i.e., were in the domain) and not the conclusions.
For instance, Mia and Jill critiqued the argument in Prompt 2 for not explicitly defining the domain of the variables a and b. Mia
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asked the interviewer to clarify whether or not a and b could take on values other than natural numbers. If so, Mia noted, the
argument would not apply to the claim/situation. Jill wondered if the argument was careful enough in excluding decimals as
substitutions for a and b. We attribute this focus for Jill and Mia to their explicit attention to whether counterexamples were
eliminated in the argument and to their recognition that counterexamples must be in the claim’s domain.

Most of the students demonstrated an understanding of IC2, although students’ understanding of IC2 was not always as explicit as
it was for IC1 and IC3. For instance, even though Bo was not certain that the only counterexamples were the cases that satisfied the
conditions and not the conclusion, he was certain that the claim would be true only if no counterexamples existed. He also said the
claim would be false if a counterexample did exist. Elly found a (false) counterexample based on a miscalculation and explicitly
concluded that the claim was false. Later, she corrected herself, and those details are below.

4.2. IC4 and related subconceptions

Some of these students’ comments revealed subconceptions associated with IC4 that we had not previously recognized. To analyze
these conceptions, we found it useful to distinguish between the two parts of IC4:

IC4a: Descriptions of all possible counterexamples to a conditional claim can be useful in evaluating arguments.
IC4b: [Direct] Arguments for general claims are viable (or proof) if and only if counterexamples are eliminated by showing every
case of the conditions also has the properties of the conclusion.

We have added [Direct] to IC4b to emphasize that this IC is specific to direct argument contexts while the other ICs can be applied
to any argument for a general claim.

In response to Prompt 2, four of the students—Olive, Chad, Jill, and Elly—demonstrated a very robust understanding of I1C4,
although IC4a was sometimes tacit. Three more students—Mia, Ken, and Bo—showed strong but not entirely complete understanding
of IC4. Tengu and Zach used elements of the ECE framework but had more difficulty with the argument in Prompt 2, and Anton did
not consistently use the ECE framework.

Chad’s responses to Prompt 2 provides a typical example of the thinking of students who demonstrated an understanding of IC4b.
Chad wrote, “This argument is viable because it gave a proof of why any two squares multiplied will be a square. In this argument,
they used the rule that a?+b? = (a+b)? to prove their claim.” The interviewer asked him, “Do you think the argument eliminates the
possibility of there being a counterexample to the claim? If so, explain.” Chad replied:

Yes, because it shows how if you’d like. . . when it says a squared times b squared equals a times b squared then it says that there
won’t be. . . there will never be a time when you can multiply two squares and not get another square.

This comment and his other responses reflected Chad’s understanding of IC4b; yet Chad’s comments also illustrated IC4a because
Chad refers to a description of counterexamples in explaining why such objects cannot exist. He explained why it is the same thing to
show that the general claim is true via direct algebraic transformations as it is to show that there will never be any counterexamples
(that is, cases where the conditions are met but the conclusion is not).

Student understanding of IC4a was more difficult to directly assess because students may not be explicit about what was useful to
them when addressing mathematics tasks. For IC4a to be revealed, students needed to explicitly refer to a potential counterexample
or a general description of counterexamples when discussing the viability of an argument. One student, Elly, actually referred directly
to a (false) counterexample that she developed in response to Prompt 1 when evaluating the argument presented in Prompt 2. Her
responses were particularly interesting in illustrating how IC4a can be intertwined with activities associated with IC4b.

In response to Prompt 1, Elly wrote the response presented in Fig. 4. Based on her incorrect calculations, Elly treated her work as a
counterexample argument to the claim presented in Prompt 1. She said that the claim was false.

For this reason, when Elly read the argument presented in Prompt 2, she initially wrote that the argument was not viable (see
Fig. 5), but then, as she continued to examine it, she paused and then crossed out her writing. She said, “I messed up my multi-
plication. . . 4 times 9 is not equal to 45.” She then worked through another example, shown in Fig. 5, which she described as “putting
numbers in for the variables” in the argument provided in Prompt 2. She then reconsidered the argument and said that it was actually
viable. The interview continued with the following exchange:

Interviewer: Why do you believe this argument is viable?
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Fig. 4. Elly’s incorrect counterexample to the claim in Prompt 1.
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Fig. 5. Elly’s corrections to the incorrect counterexample Elly constructed.

Elly: Because since it’s variables so it’s applying to all square number so there is not any room for non-examples, I think.
Interviewer: Do you think the argument eliminates the possibility of counterexamples?

Elly: Yes? I think so. . . Because it covers everything.

Interviewer: What did it do for your example?

Elly: It proved it wrong.

Elly’s reasoning reflects how the ECE framework was accessible and useful for her when working with a direct argument for a
general claim. As she examined the direct argument, she realized that it eliminated her own counterexample from earlier. This caused
her to check her calculations and discover her error. She explicitly said that this argument eliminated the possibility of all coun-
terexamples, including the one she had mistakenly come up with earlier. For Elly, viable arguments for general claims and coun-
terexamples to general claims cannot coexist.

4.3. Algebraic representation and manipulation

In contrast to these students, Tengu seemed unwilling to recognize the argument in Prompt 2 as being entirely viable. He wrote:

I think that this argument could be part of a viable argument but by itself doesn’t prove that two square numbers multiplied will
get another square. It proves that you can take two square numbers and multiply them to get another square number, but it does
not prove that you cannot have a counterexample.

Tengu explained further that he thought it was likely that the claim was true and that there were no counterexamples, but that he
did not trust the algebraic argument as showing that a square number resulted for every case of the condition. Tengu said vaguely,
“They could prove it a bit better.”

The main reason for Tengu’s distrust for the argument appeared to be because he did not see how the algebraic symbolism
effectively accounted for all possible cases. Indeed, there is strong evidence that he had a solid theoretical understanding of IC4. For
instance, when pressed by the interviewer about what it would take to prove that you can’t have a counterexample to conditional
claim, Tengu said “it would have to prove not that it can be a square number, but that it has to be and that there is no other way to get
a non-square number from two square numbers.” He also displayed understanding of IC1-IC3 and could describe the ECE framework
generally, including describing what it would take to prove that counterexamples to a general claim cannot exist. Yet algebraic
representations and transformations here appeared to serve as an obstacle to his full application of the ECE framework.

Zach and Anton also were uncertain about the algebraic representation and manipulation in Prompt 2 and were not sure that the
variables represented all cases in the claim’s domain. This uncertainty about variables representing generality interfered with their
application of the ECE framework. These students’ responses indicate that a prerequisite to using the ECE framework for direct
variable arguments is that students must understand the role of variables as placeholders for all cases in the domain of the claim and
know that manipulations of these variables represent manipulations for all cases in the domain of the claim. We note that this
knowledge is likely a prerequisite for anyone who would assess general direct arguments with variables, not just for someone using
the ECE framework.

4.4. Overgeneralizing skepticism

Mia was inconsistent in her account of whether the argument in Prompt 2 eliminated counterexamples. At first she said that it did,
but then later she hedged her bets and said that there might be other “unimportant” counterexamples out there somewhere. Tengu,
Anton, and Zach also expressed skepticism about whether all counterexamples can indeed be eliminated for a general claim with an
infinite domain (Zach’s case is examined more closely below). These students’ skepticism may be an unintended consequence of two
skepticism lessons that were part of our broader intervention. In these lessons, the teacher presented a general claim that appeared to
be true after empirical investigations but was later proven false with a counterexample not found in students’ empirical work. These
activities may have induced for some students a deeper skepticism of all general claims with infinite domains regardless of the
argument. This hypothesis is supported by the fact that Anton explicitly critiqued the general claim in Prompt 2 as being “too broad”
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Fig. 6. The interviewer’s instantiations of the argument presented in Prompt 2, with the interviewer’s explanations for various steps in the argu-
ment, as presented to Zach.

and suggested that the claim’s domain be restricted.

4.5. Falsifiability

Like Mia and Tengu, Zach also described skepticism about the argument eliminating all counterexamples. But Zach articulated an
interesting reason for this that warrants its own category of conception. It took a while to reveal it, because Zach changed his mind
several times about the argument’s viability. At first he did not understand key features of the argument. For instance, he thought the
argument began with a and b, not a®> and b?. He also initially did not acknowledge the relational structure in the argument that
transformed the algebraic expressions across the equal signs. Later, he said that the argument is not viable “unless you’re going to use
the commutative property.” He acknowledged that the algebraic transformations “might work” but that it “depends on your per-
spective.”

To explore what Zach meant by all of this, the interviewer presented an instantiation of the argument in a generic example
argument, in an attempt to clarify and focus the student on processes in the argument and structural relations the processes present
(see Fig. 6). After this, Zach still was unsure whether counterexamples were ruled out, so the interviewer rewrote the general variable
argument alongside the generic example argument, line by line, so Zach could see how the two were in parallel. In Fig. 6, the generic
example argument is on the right and the algebraic argument is on the left.

At this point Zach had seen the argument in many forms, and it appeared that his particular questions and objections had all been
addressed. Then the following exchange occurred:

Interviewer: Now, do you think that if we did it this way and were really clear, would that eliminate the possibility of coun-
terexamples or not?

Zach: As long as a and a [are] equal, when they’re times one another, they equal a, um, square number, then, and band b is the
same thing, then it should potentially work.

Interviewer:. . . What you were saying before, with the original claim, was that a counterexample was something where you
started with two square numbers, and multiplied them, and got something that’s not square. And this, you’re saying, would rule
that out?

Zach: Yeah, because if you have two. . . well, it wouldn’t rule it out. It would just. . . it would give the generalization for a rule that,
uh, until disproved, then, uh, it’s right.

Interviewer: Tell me more what you mean.

Zach: Uh, so because see, if. . . a times a does equal a square number, but I don’t necessarily know, um, with limited knowledge I
have, um, with the fact, um, if every single square number that exists times another square number that exists, would equal
another square number that exists. [ have a pretty good idea of how that would work, which, I'm pretty sure it would all work. But
I don’t know how, if it would all work. I'm just making a guess. So until someone came up with a—something to disprove this, like
a square number times another square number that doesn’t equal a square number, then this claim is correct, and in order to find
that, I don’t have the knowledge for it.

Zach is doing more than just hedging his bets here. He seems to be applying to this claim a Popper-like falsifiability criterion.
Popper’s (1963) view was that a scientific hypothesis must be falsifiable—it can never be proven true, but it must always be possible to
conceive of an experiment that could prove it false. Thus, we can never be sure a scientific hypothesis is true; we can at best say it has
not yet been falsified. Zach is saying that he can never be certain that this claim is true because counterexamples that he has yet to
encounter may be out there waiting to be discovered. This might be due to his limited knowledge of the role of variables and
algebraic manipulations, but for Zach this argument, and perhaps every argument, has no power to establish the claim as perpetually
true.

This interpretation accords with comments Zach made earlier in the interview, when he expressed that he liked counterexamples
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more than situations where he could not find them: “When something actually doesn’t have a counterexample it’s just, it’s very
irritating.” When the interviewer asked him why, Zach replied:

Well, I mean, you’d want to be right, but I feel like it’s a lot more fun trying to find a counterexample. And when you’ve found it,
or when you find it, it’s just like, all right, this is good. Good job. But when you’re trying to find it and it’s just not there, it’s just
like. . . [in an exasperated tone] “eh, why!” [the student made a scribbling motion].

It may be that existence arguments are more transparent to Zach than general arguments, because in the latter the representations
must stand for cases not necessarily envisioned (see Zazkis & Liljedahl, 2004, for a discussion of transparent and opaque re-
presentations).

Zach’s idea of falsifiability is not the same as the skepticism discussed in the previous section. We used the term “skepticism” for
distrust of a particular argument for a general claim when the argument was not seen as accounting for all possible counterexamples.
Zach appears to doubt whether any argument for a general claim could be viewed as unassailable. This distrust may relate to a
preference for demonstration proofs for existence claims, which are arguably more tangible than general arguments.

In fact, Zach’s falsifiability idea conflicts with the ECE framework and appears to serve as an obstacle to understanding the
framework. Skepticism alone may not present the same obstacle. Some students identified as overly skeptical were worried about the
particular argument’s ability to address the claim’s infinite domain. Zach’s concerns, and perhaps Mia’s, involved unforeseen
counterexamples not accounted for in the general descriptions provided in response to Prompt 1. Together the two constructs,
skepticism and falsifiability, highlight the importance of another meta-understanding that is crucial to the ECE framework, and
without which the framework cannot be coherently used to interpret and assess direct arguments. This meta-understanding is that it is
possible to actually eliminate all counterexamples with a direct general argument. Put another way, for a claim “If P, then Q,” showing that
every object satisfying the condition P must also satisfy the conclusion Q actually serves to eliminate the possibility of counter-
examples. Yet it is plausible that Zach’s falsifiability idea serves as an obstacle to his acceptance of direct general arguments no matter
what intervention approach is taken, ECE or otherwise. For Zach, a viable argument for a general claim can coexist with counter-
examples to that claim. It is also noteworthy that Zach is the only student in the group who clearly lacked this crucial meta-
understanding.

4.6. Summary of findings

Here, we summarize our findings with respect to the research questions. Nine of the 10 students readily accessed the ECE
framework and expressed a general understanding of the framework. These nine students also used the ECE framework successfully
when discussing and assessing the viability of the direct argument for a general claim presented to them. Four of them demonstrated
robust understandings and used the framework when assessing the argument. The other five showed significant understandings of the
ECE framework but displayed some conceptions that interacted with or interfered with its use. Table 3 summarizes these findings.

By analyzing these students’ comments and activities, we discerned or affirmed a number of conceptions and subconceptions that
supported, and some that served as obstacles to, the ECE framework and how these affected the students’ ability to analyze the direct
argument. Of these, we labeled and tracked the supporting conceptions, because these contribute to our broader goal of developing a
thorough account of how students gain an understanding of viable argumentation as described in our intervention and the ECE
framework:

IC1: A mathematical object is a counterexample to a conditional claim if and only if the object meets the conditions of the claim
and does not meet the conclusion of the claim. Consequently, the collection of all possible counterexamples to a conditional claim
is characterized by the properties meets the conditions of the claim and does not meet the conclusion of the claim.

IC2: Conditional claims are true if and only if counterexamples to the claim do not exist (are impossible). Consequently, general
claims are false if and only if there exists a counterexample.

Table 3
Intermediate Conceptions Presented by the Students.
IC1 1C2 IC3a 1C3b IC3c IC4a 1C4b

Anton T N N Y T T
Bo N T Y N Y
Chad Y Y Y Y Y Y
Elly Y Y Y Y Y T
Jill Y Y Y Y Y T
Ken Y Y Y Y Y
Mia Y Y Y Y Y T T
Olive Y Y Y Y Y T T
Tengu Y Y Y Y Y T T
Zach Y Y Y T Y T T

Note. The code Y was given to students who made statements affirming the presence of the conception. The code N was given to students who made
statements suggesting the conception was absent. The code T was given to students who made statements suggesting the conception was tentative,
meaning uncertain, not fixed, or provisional. No code was given to students who did not make statements sufficient to award the other codes.
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IC3a: Counterexamples to a claim can be described in terms of their properties (meets the condition but not the conclusion). In
particular, this is a pair of properties simultaneously exhibited by each counterexample.

IC3b: The cases with the properties in IC3a comprise all of the counterexamples to the claim.

IC3c: Potential counterexamples may be hypothetical entities, especially if the claim is true.

IC3 and IC4 were more nuanced for some students than we anticipated, and we discovered subconceptions that appeared to be
needed for some students to fully obtain an understanding of viable argumentation as eliminating counterexamples. IC3 and IC4 as
originally written were still sufficient for describing the reasoning of students with robust understandings of the ECE framework, and
yet some students did not possess all of the subconceptions. Bo, for example, expressed IC3a but did not exhibit IC3b in a manner that
supported our viable argument vision.

The ICs above were uncovered in our current direct-argument context, and yet there is nothing in their descriptions that makes
them specific to direct arguments. IC4b, on the other hand, was modified to include a conception that applies specifically to direct
arguments:

IC4a: Descriptions of all possible counterexamples to a conditional claim can be useful in evaluating arguments.
IC4b: [Direct] Arguments for general claims are viable (or proof) if and only if counterexamples are eliminated by showing every
case of the conditions also has the properties of the conclusion.

In addition, the following important, seemingly unproductive conceptions were also revealed in the analysis, some of which
prevented the students from correctly analyzing the direct argument and may be considered obstacles to the use of the ECE fra-
mework:

e The belief that a viable direct argument may not eliminate all counterexamples and that there may be some sneaky counter-
examples that a viable argument missed. This conception interferes with the use of the ECE framework and may reflect an
overgeneralization of skepticism influenced by the skepticism lessons in the LLAMA intervention.

o A falsifiability condition for general mathematical claims: General mathematical claims can never really be proven true but can be
proven false by counterexample. This belief may be influenced by student learning in science, where the criterion of falsifiability is
essential to the scientific method. This conception reflects the importance to the ECE framework of the meta-understanding that it
is possible to actually eliminate all counterexamples with a direct general argument.

o The understanding of how variables can represent all cases in the domain of a general claim. This is surely generally important for
anyone assessing a general direct argument, not just for one applying the ECE framework.

5. Discussion
5.1. Significance and theoretical considerations

We found the ECE framework and the intermediate conceptions supporting it to be accessible and useful for most of the students
in our study when assessing the viability of a direct argument. This supports our general perspective that identifying characteristics of
potential counterexamples can help in direct argumentation. In some ways, the utility of the ECE framework in direct argument
contexts is not surprising. Predicate logic theory for conditional claims of the form ‘P implies Q’ often involves truth tables with four
bins for combinations of truth values for P and Q, based on the law of the excluded middle. If the tables are extended to quantified
statements, for all x, if P(x), then Q(x),and the truth values are replaced with descriptions of the collections of objects
P(x), 7 P(x), Q(x) and —~Q(x), then the examples, nonexamples, and counterexamples tables used in our study are not too distant
from notions and representations found in formal mathematical logic development. Similar to truth tables for P — Q, our examples,
nonexamples, and counterexamples tables focus students’ attention on the bin that exclusively defines what it means for a statement
to be false. In other words, our framework offers students an accessible way of acquiring one of the most important results from
mathematical logic: that a conditional claim is true if and only if no objects in the counterexample bin exist.

While on the surface, a direct argument may not appear to address the existence of counterexamples at all, but the meta-theory
that supports the validity of the mode of argumentation does. Consequently, having middle-grade students describe the properties of
all possible counterexamples to a general claim and acknowledge how direct arguments eliminate the possibility of such examples
may be a natural way to develop a meta-theory supporting the validity of direct argumentation that is akin to what they learn later in
more advanced mathematics courses. Thus, our findings contribute to the field of viable argumentation and proof and proving by
illustrating ways that students can access meta-level knowledge about what makes arguments viable, or proof, an area in which the
existing research is limited.

Another theoretical consideration raised by the students’ reasoning is that the ECE framework explicitly directed students’ at-
tention away from showing a propositional implication (P implies Q, or not Q implies not P) toward showing that objects with
particular properties (i.e., counterexamples) could or could not exist. The subconceptions we discerned underscore some types of
reasoning entailed by this redirection. First, it entailed the capacity to describe these objects in terms of their relevant properties
(IC3a), in particular the properties that made an object part of the claim’s domain but not its conclusion. Second, this description
entailed an act of imagination (IC3c)—since the claim was true, these counterexamples were purely hypothetical, and in fact im-
possible, entities. The speculation associated with this approach involved further imagining of what else would be true about these
hypothetical objects, until it became clear why they were impossible entities. This further underscores the breadth of mental activity
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involved when making mental models and leveraging those models to develop logical inferences (Johnson-Laird, 1983).
5.2. Implications for the use of the ECE framework in research and teaching

Despite the positive findings, we found several subconceptions or beliefs that served as supports or obstacles to the ECE fra-
mework; these subconceptions appeared to influence students’ ability to leverage the ECE framework in a manner consistent with our
vision. Our findings also highlight conceptions that serve as barriers to understanding and effectively using our framework to
evaluate arguments. Future research might explore whether or not the subconceptions identified as barriers are truly barriers, or
whether these subconceptions can provide pathways to more sophisticated understandings.

One prerequisite skill to using the ECE framework for direct arguments using variables is an understanding of the role of variables
as placeholders for all cases in the domain of the claim and recognition that manipulations of these variables represent manipulations
for all cases in the claim’s domain. This is likely a prerequisite for anyone working with direct general arguments and is not unique to
the ECE framework. This kind of issue about reading an argument and its representations and interpreting their meanings has been
noted in numerous studies (see Stylianides et al., 2017, for a review). On the other hand, we note that seeing a generic example
argument alongside the variable argument helped Zach make sense of the variable argument. Generic example arguments may thus
provide occasions for students to apply the ECE framework to direct general arguments that do not use variables.

We view the ICs we identified as plausible elements of an understanding of the ECE framework, although we do not presume them
to be exhaustive and do not assert that the conceptions appear in an ordered learning trajectory. In the ECE framework lessons, these
ICs were taught explicitly, and students participated in activities for developing and applying them. Yet some of the students who
understood IC1-IC3 and appeared to understand the argument presented to them expressed the idea that there are potentially other
counterexamples to the claim that the argument did not eliminate (albeit perhaps “unimportant” counterexamples). This made the
presence of IC4 tentative, perhaps absent. We are uncertain about the instructional implications for this finding and wonder if
revisiting general claims with finite domains and exhaustive arguments might help. We wonder what these students might say in
response to an argument in which all cases in the domain of the claim are tested. Would skepticism still be present? Would Zach still
assert that the general claim is vulnerable to falsification by some unforeseen counterexample to be found by future researchers? If
not, we wonder if understandings of exhaustive arguments and their ability to eliminate counterexamples can be leveraged to
understand how general representations and valid transformations of the representations can do the same.

The ECE framework inherently builds upon the meta-understanding that all counterexamples can be ruled out, even by students
with limited knowledge of context-level factors or of the role of variables and algebra in arguments. For students, this notion may be
in conflict with notions taught in other classes. In science classes, student might gather data to support or develop their claims
without necessarily arguing that there are no cases/examples to the contrary. Anecdotally, we have heard students and teachers say
that you cannot prove a negative, and we have wondered how these statements might influence their conceptions of viable argument
and proof in mathematics. Because some of the students in our study were concerned about whether or not all counterexamples to a
general claim could be eliminated with an argument, we wonder if a meta-discussion addressing differences between knowledge and
argumentation in mathematics and in other subjects might be worthwhile.

Numerous studies have documented that students at all levels are not sufficiently skeptical of arguments, particularly empirical
arguments (see Stylianides & Stylianides, 2009, for a review). By contrast, we are not aware of studies that note students who are
overly skeptical of mathematical arguments. We wonder if such skepticism is an unintended consequence of skepticism activities like
those used in the LLAMA intervention. In all cases, these issues were found most often among students with lower mathematics
achievement scores from the previous years, and these issues were not always consistently displayed by these students.

Our findings make this one of the few studies on a proof and proving intervention that appears to be effective, at least in a small
case study environment. These findings offer opportunities to reflect on the amount and type of instruction needed to significantly
improve knowledge and skill in proof, proving, and argumentation practices among students with diverse levels of academic
achievement in mathematics, which is one of the reasons we chose to work with a group of students as opposed to an individual
student as in Yopp (2017).

We also learned that while many proficient and advanced students acquired our practices and conceptions readily in response to
our intervention, a few students did not. Most of these students had lower mathematics achievement scores. Even though these
students were exposed to the same treatment, they expressed conceptions that interfered with their use of the ECE framework. In one
case, a student’s thinking was very different from what was presented in the intervention. This finding points to the complex in-
tertwining of students’ mathematical knowledge and skill and the various understandings needed for effective engagement in proof,
proving, and argumentation. Further work is needed to explore the relationship between students’ mathematics achievement status
and students’ learning of viable argumentation and proof.

5.3. Limitations and future work

This study was conducted in a small charter school in the United States that had a culture of argumentation in all subject areas.
The classroom teacher was committed to this culture and to our project and its lessons as a way for students to acquire mathematical
knowledge, practices, and skills. Viable argumentation, proof, and proving were regular features of the mathematics classroom of our
sample students. In this way, the study’s context may not be typical. However, the classroom where this study took place is a public
school that could be viewed as typical in terms of the normal constraints in United States classrooms. The school faced similar
pressures as other schools that teach Common Core State Standards for Mathematics and participate in standardized student
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achievement assessments.

With this in mind, future work could investigate how important the school and classroom culture of argumentation is to students’
ability to understand and use the ECE framework. It is possible that students in schools that do not have a culture of argumentation as
an important practice in all subjects would be less engaged in argumentation in mathematics. It would also be beneficial to augment
the LLAMA intervention with ways to mediate the kinds of student reasoning issues, such as variable use to represent all possible
cases and the logical implications found in algebraic transformation, that arose in this study and to examine the use of such an
augmented ECE intervention.
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