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What makes teaching proof difficult?





Three Major 
Difficulties in the 
Learning of 
Demonstrative 
Geometry

Rolland R. Smith (1940)



ά¢ƘǊŜŜ {ŜǊƛƻǳǎ [ŜŀǊƴƛƴƎ 5ƛŦŦƛŎǳƭǘƛŜǎέ

ÅLack of familiarity with geometric figures

ÅNot sensing the meaning of the if-then
relationship

ÅInadequate understanding of the meaning of 
proof



How well do 
students write 
geometry proofs?

Sharon Senk(1985)



{ŜƴƪΩǎRecommendations

We must immediately look for more effective ways to teach 
proof in geometry. We should:

ÅPay special attention to teaching students to start a chain 
of reasoning;
ÅPlace greater emphasis on the meaning of proof than we 

do currently; and
ÅTeach students how, why, and when they can transform a 

diagram in a proof.



Research on Proof in School Geometry

ÅProof is important ïthe ñguts of mathematicsò (Wu, 1996).

BUT

ÅProof is challenging for teachers to teach (e.g., Knuth, 2002, Cirillo, 2009; 

2014).

ÅProof is difficult for students to learn (Senk, 1985; McCrone & Martin, 2004).



{ǘǳŘŜƴǘǎΩ 5ƛŦŦƛŎǳƭǘƛŜǎ

ÅάLƴ ǎǳƳƳŀǊȅΣ ǿŜ ƘŀǾŜ ǎŜŜƴ ǘƘŀǘ ǎǘǳŘŜƴǘǎ ŀǊŜ 
extremely unsuccessful with formal proof in 
ƎŜƻƳŜǘǊȅΦέ 

(Clements & Battista, 1992)

Åά¢ƘŜ ǘŜŀŎƘƛƴƎ ƻŦ ƳŀǘƘŜƳŀǘƛŎŀƭ ǇǊƻƻŦ ŀǇǇŜŀǊǎ ǘƻ 
ōŜ ŀ ŦŀƛƭǳǊŜ ƛƴ ŀƭƳƻǎǘ ŀƭƭ ŎƻǳƴǘǊƛŜǎΦέ              

(Hershkowitzet al., 2002, p. 675)



Three Studies

Å2005-2008: Longitudinal Dissertation Study

Å2010-2013: The Geometry Proof Project

Å2015-2020: Proof in Secondary Classrooms: 

Decomposing a Central Mathematical Practice

(i.e., The PISC Project)



Study 1: The Case of Matt



Matt You can't teach somebody how 
ǘƻ Řƻ ŀ ǇǊƻƻŦΧΦL ƳŜŀƴ ƛŦ ŀ 
student's really gonna do a 
mathematical proof, you look at 
the problem and you either see 
how you do it or you don't. 



Matt I mean you don't want to go so 
far as to say it doesn't matter 
what I do, but the reality is that I 
can't prove it for them. You know, 
simply showing somebody how to 
do a proof will help, but only up 
to a certain point. Only until they 
ǳƴŘŜǊǎǘŀƴŘΧǘƘŜ ǿŀȅ ƛƴ ǿƘƛŎƘ ŀ 
proof becomes a proof. 



Matt
I'm like a Sherpa. Okay? That's the word I'm 
ƭƻƻƪƛƴƎ ŦƻǊΦ {ƻΧȅƻǳ ƪƴƻǿΣ LϥǾŜ ōŜŜƴ ǳǇ ŀƴŘ 
Řƻǿƴ ǘƘŜ Ƴƻǳƴǘŀƛƴ рл ǘƛƳŜǎΧΦYeah, I'm like 
the Sherpa guide who just walks with you up 
the mountain, but then at base camp I just, I 
go off and meditate somewhere else and I 
really don't pay attention to what you're 
doing. And I don't just have one person - I'm 
trying to herd like 30 people to the top of the 
mountain before next Friday. 



Textbook Examples

ÅReasoning with Properties 
from Algebra



Textbook Examples

ÅProving Statements 
about Segments



Overall Findings

ÅDespite strong content knowledge and a good teacher 
prep program, Matt was at a loss for teaching proof 
beyond show-and-tell.

Åaŀǘǘ ǿŀƴǘŜŘ ǘƻ ǘŜŀŎƘ άǊŜŀƭ ƳŀǘƘΣέ ƴƻǘ Ƨǳǎǘ ǎƘƻǿ 
students completed Theorems in the boxes in his 
textbook.

ÅaŀǘǘΩǎ ŦƻŎǳǎ ǎƘƛŦǘŜŘ ŦǊƻƳ ƎŜǘǘƛƴƎ ǘƘǊƻǳƎƘ ǘƘŜ ǊŜǉǳƛǊŜŘ 
theorems to attempting to teach students to prove. 



Study 2: The Case of Mike



Mike, High School Geometry Teacher

Å8 years of experience at start of project

ÅMathematics and Science background

ÅConventional Prentice Hall Geometry textbook

ÅtǊƛǾŀǘŜ ōƻȅǎΩ ǎŎƘƻƻƭ

ÅDescribed students as motivated, curious, 
confident, intelligent, and affluent



Mike Began Proof with Triangle Congruence

1. GIVEN: ᷁ ! ḙ ᷁$ȟ ᷁" ḙ ᷁%
ὄὅḙ Ὁὅ

PROVE:Ў!"#ḙ Ў$%#



Mike, Year 1, Day 1

ÅVIDEO REMOVED



Back to Matt for a 
.ǊƛŜŦ aƻƳŜƴǘΧ



Matt ïYear 2

Åάhƴ CǊƛŘŀȅ ǘƘŜ ǎǘǳŘŜƴǘǎ ǿƛƭƭ ōŜƎƛƴ ŎƻƴǎǘǊǳŎǘƛƴƎ ǘƘŜƛǊ 
own deductive proofs. Unfortunately, there is no good 
ǿŀȅΣ ƛƴ Ƴȅ ƻǇƛƴƛƻƴΣ ǘƻ ΨǘŜŀŎƘΩ ǇǊƻƻŦǎΦ  {ǘǳŘŜƴǘǎ ǎƛƳǇƭȅ 
have to do them ςƭƛƪŜ ƭŜŀǊƴƛƴƎ ǘƻ ǎǿƛƳ ōȅ ŘǊƻǿƴƛƴƎΦέ

ÅάhƪΣ ǘƘŜǊŜϥǎ ƻƴƭȅ ǎƻ Ƴŀƴȅ ƻŦ ǘƘŜǎŜ ǘƘŀǘ L Ŏŀƴ Řƻ ǿƛǘƘ 
us together. I just kind of, got to keep throwing you in 
the deep end.Letting you thrash around for 
awhile.And then throw you a floaty. Haul you back 
out and then throw you back in.!ƭǊƛƎƘǘΚέ  

(Cirillo, 2008)



.ŀŎƪ ǘƻ aƛƪŜΧ



Things I need to know:

ÅHow do I know what steps to write?

ÅHow do I know what order the steps are in?

Å!ǊƎƘΗ L ŘƻƴΩǘ ŜǾŜƴ ƪƴƻǿ ǿƘŜǊŜ ǘƻ ǎǘŀǊǘΗΗΗ

ÅHow big should I make the T?

ÅWhat reasons am I allowed to use?

ÅHow many steps do I need to write?    



Mike, Year 1, Day 2

ÅVIDEO REMOVED



What makes teaching proof in 
geometry so tough?

ÅCurriculum

ÅStudent Readiness

ÅLack of recommendations for 

scaffolding the introduction to proof 

όƛΦŜΦΣ ǳƴŘŜǊǎǘŀƴŘƛƴƎ ƻŦ ǘƘŜ άǎƘŀƭƭƻǿ ŜƴŘέ ƻŦ ǘƘŜ   

proof pool) 



{ƻ ǿƘŀǘΩǎ ŀ ƎŜƻƳŜǘǊȅ ǘŜŀŎƘŜǊ ǘƻ ŘƻΚ 



ÅWhat is going on for 
students when we 
introduce proof?



A Proof

Gamma

Statements  Reasons

Corresponding Parts 

of ḙ s are ḙ

No Given? 
Draw a conclusion from 
the diagram?Perpendicular lines 

intersect to form 

right angles.



There is much to learn about 
ñsimpleò proofsé

Åparticular postulates, definitions, and theorems; 

Åhow to usedefinitions and theorems to draw 
conclusions 

Åhow to work with diagrams;

Åa variety of sub-arguments and classroom norms for 
writing them up; and  

Åhow sub-arguments come together to construct a 
larger argument. 

31



If there was a shallow end to teaching 
proof, what would it look like?



Study 3: The PISC Project



The Geometry 

Proof Scaffold

όƛΦŜΦΣ ǘƘŜ άDt{έύ



The Geometry 

Proof Scaffold

Diagrams

NotationLanguage



The Geometry 

Proof Scaffold

όƛΦŜΦΣ ǘƘŜ άDt{έύ


