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What makes teaching proof difficult?
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hree Major
Ifficulties In the
earning of
emonstrative
eometry

Rolland R. Smith (1940)
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Three Major Difficulties in the Learning of
Demonstrative Geometry
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PURFPOSE AND METHOD

Emorext and muccessdul tearking «
demomstrative g "fr"'}'é" the sonior high
sthonl roquires un the part of the teacher
mmeh more than o knowledge of the sub
joet matier. The young person who goes
w10 the geotnetry classroot sfter beaving
'u'hnl- with honors in mathematios is not
L g ."..._\' n L'""‘ teacher. Unless be hins
boen foevmwarned in one way or nuother, he
% Skoly 1o resort to the Jecture mothod
which his peufessors have weed in college
and 1o Bl Lo his strprise that his pupsis
aave karosd little, He may bave taker
oourses is which be stubed the greneml
s of barsing as npplied to puapils o
high scheol agy, but even so he will have
lﬁfﬁml"\ in teunelnting his knowledge
Bt the spevific requaremonts of the elses
tvom. Fart of his training may have boen
th observo the work of a lighly officlent,
soceessful, and artistio tencher whom b
Hay try Lo imitate. He will find, howover,
that he has not been keon encugh
Brasp the menning asd purpose of many
ul the teokminues, Nol knowisg before

hasd bhow a group of paupils will reset to n

Eivun 'i'lu.llun, ho fails 10 ¢ when amd

ow the expwtioneed loscher RS B :|-|1Inil't|
pitfalls by intreduciag many details of
develdomnest 5ol accosarily neoded (n s
fnished preduct but iadispessabie to 1k
loaring process. Hedor he can become
sdepl in preparing & course of study or
planming his evervday lessons, he secds

to know what diffeultie

v ‘l'il' will ll!l'."

with the many somponont tssks whach
when mtegrated falfill the deserod alm. A
toacher ean plan s skillful developesent
ooly when he has tvached 2 point where
bo ram peodict within ressosabde [nmts
whal e resctions of & group of puptss
will In

A teacher cannot sit in sn nemobair and
by ressoning alone tell how pupeis will
react to the many =ity wtions of the class-

roons. One who has (i for many yvars

will inevitabdy know meoew sbout papils’
difficultios and the way to remody, mins

)

mise. aned obviate thets than ooe who bas

pever taught, But unless he bas oom
srioasdy put his mind to the study of these
diffieultivs and has sufficieat background
to g0l menning from the study, he will

hauve missod one of the best medhads ol
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ALack of familiarity witlyeometric figures

ANot sensing the meaning of tlilethen
relationship

Anadequate understanding of thmeaning of
proof




How well do
students write
geometry proofs?

Reached 75% Mastery of Proof Ability to Write 1 Valid Proof

m Mastery » Mon-Mastery Could not Could

SharonSenk(1985)
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We must immediately look for more effective ways to teach
proof in geometry. We should:

APay special attention to teaching studentsstart a chain
of reasoning;

APlace greater emphasis ¢ime meaning of proothan we
do currently; and

ATeach students how, why, and when they temsform a
diagram in a proof




Research on Proof in School Geometry

AProof isimportantit he fAguts ofw,mat he mat

BUT

AProof is challenging for teachers to teach (e.g., knuth, 2002, Cirillo, 2009;
2014).

AProof is difficult for students to learn (senk, 1985: McCrone & Martin, 2004).
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extremely unsuccessful with formal proof in
AS2YSUNE PE

(Clements & Battista, 1992)
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Three Studies

A2005-2008: Longitudinal Dissertation Study
A2010-2013: The Geometry Proof Project
A2015-2020: Proof in Secondary Classrooms:

Decomposing a Central Mathematical Practice
(l.e., The PISC Project)



Study 1: The Case of Matt



Maitt "You can't teach somebody how
02 R2 I LINP2FX®PL
student's really gonna do a
mathematical proof, you look at
the problem and you either see

ho%oudoit or you don't. /




M att ﬁ mean you don't want to go SN
far as to say it doesn't matter
what | do, but the reality is that |
can't prove it for them. You know,
simply showing somebody how to
do a proof will help, but only up
to a certain point. Only until they
dzy RSNB UGl YRXUOKS |g| &
roof becomes a proof. /




ﬁn like a Sherpa. Okay? That's the word I'
Matt ft221Ay3 FT2ND {2Xe2Z2dz|]Y
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the Sherpa guide who just walks with you uy
the mountain, but then at base camp | just, |
go off and meditate somewhere else and |
really don't pay attention to what you're
doing. And | don't just have one perselm
trying to herd like 30 people to the top of the

mountain before next Friday.
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Textbook Examples

A Reasoning with Properties
from Algebra

I GLE) Writing Reasons
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Solve 55z — 3(9z + 12) = —64 and write a reason for each step.

SOLUTION
55z — 3(9z + 12) = —64 Given

55z =27z —36 = —64 Distributive property
o 287 — 36 = —64  Simpliy.
28z = —28 Addition property of equality

z=—1 Division property of equality



Textbook Examples

AProving Statements
about Segments

312l P Symmetric Property of Segment Congruence

You can prove the Symmetric Property X p
of Segment Congruence as follows.

GIVEN I~ PO = XY
PROVE |- XY = PQ

- Statements ‘; Reasons

1. PO =XY | 1. Given _
2. PO =XY 2. Definition of congruent segments |
3. XY=PQ 3. Symmetric property of equality
4. XY =PQ 4. Definition of congruent segments



Overall Findings

ADespite strong content knowledge and a good teacher
prep program, Matt was at a loss for teaching proof
beyond showand-tell.

Aal 00 61 YyUSR 02 GSIFOK GaNBI
students completed Theorems In the boxes In his
textbook.

RAal U0 Qa F20dza aKAFUSR TNR
theorems to attempting to teach students to prove.



Study 2: The Case of Mike



Mike, High School Geometry Teacher

A8 years of experience at start of project
AMathematics and Science background
AConventional Prentice Halleometrytextbook
At NAQGI GS 0628aQ aoOK22f

ADescribed students as motivated, curious,
confident, intelligent, and affluent



Mike Began Proof with Triangle Congruence

1. GIVEN I e "&'h%w” " 20. GIVEN » @.L AD, DE 1L AD,
® 00 BC = EC
PROVE: Y' " He YI %o# PROVE » AABC = ADEC
E E
A A
C D C D
&




Mike, Year 1, Day 1

AVIDEO REMOVED



Back to Matt fora
NAST azyYSy.



Matt 1T Year 2

Abhy CNARFE& (GKS addzZRSyda oA
own deductive proofs. Unfortunately, there is no good , .
glez AYy Ye 2LJ)\§/)\2 > uz2, WwusS
havetodothéentt A1 S t SINYyAYyd G2 ai

Adhl1s O0OKSNBUJa 2%/’6 e az Yl ye
us together. | just kind of, got to keep throwing you In
the deep end.Letting you thrash around for
awhile.And then throw you dloaty. Haul you hack
out and then throw you back in. 't NA d KU K ¢

(Cirillo, 2008)
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Things | need to know:

AHow do | know what steps to write?

AHow do | know what order the steps are in?

A NBKH L R2y Q0 S@OSY 1Y
AHow big should | make the T?

AWhat reasons am | allowed to use?

AHow many steps do | need to write?



Mike, Year 1, D&

AVIDEO REMOVED



What makes teaching proof In
geometry so tough?

ACurriculum

AStudent Readiness

ALack of recommendations for
scaffolding the introduction to proof
OADPSPE dzy RSNEUIFYRAY3I 2F GKS
proof pool)







A What is going on for
students when we
Introduce proof?




A Proof

Given: TN bisects TN - P_erpendlcular lines
JK L KM Intersect to form
MN L KM

Prove: /KJL=Z /MNL

p right angles. "

are vertical angles

hon of Line Segment Bisectc
i | mr———

J

K
KL =~ LM =
N " : :
{Theorem: Iftwo angles {Deﬁmtlunuf Midpomt) {Theorem: Iftwo angles
arenght angles, then are vertical angles, then

they are congruent.) they are congruent.)

Statement$ Reasons

ARTL = AMNL

(ASA = ABA)

Correspoending Parts

LEKIL == £ MNL
Off el Asiare e (CPCTC)




There 1s much to learn about
Nsi mpl eo proof seé

Aparticular postulates, definitions, and theorems;

Ahow to usedefinitions and theorems to draw
conclusions

Ahow to work with diagrams;

Aa variety of sukarguments and classroom norms for
writing them up; and

Ahow subarguments come together to construct a
larger argument.
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If therewas a shallow end to teaching
proof, what would it look like?




Study 3: The PISC Project



The Geometry
Proof Scaffold
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Understanding the Nature of Proof

Understanding Theorems

The Geometry
Proof Scaffold




The Geometry
Proof Scaffold
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