Building Mathematical Knowledge
for Teaching Proof in Geometry

Michelle Cirillo
Department of Mathematical Sciences

University of Delaware, USA

Presented at:
NCTM Nashville Regional
October 3, 2019




What makes teaching proof oiffieult?
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hree Major
ifficulties in the
earning of
emonstrative
eometry

Rolland R. Smith (1940)
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“Three Serious Learning Difficulties”

*Lack of familiarity with geometric figures

*Not sensing the meaning of the if-then
relationship

*Inadequate understanding of the meaning of
proof




How well do
students write
geometry proofs?

Reached 75% Mastery of Proof Ability to Write 1 Valid Proof

m Mastery » Mon-Mastery Could not Could

Sharon Senk (1985)



Senk’s Recommendations

We must immediately look for more effective ways to teach
proof in geometry. We should:

* Pay special attention to teaching students to start a chain
of reasoning;

* Place greater emphasis on the meaning of proof than we
do currently; and

* Teach students how, why, and when they can transform a
diagram in a proof.




Research on Proof in School Geometry

* Proof Is important — the “guts of mathematics” wu, 1996).

BUT

 Proof is challenging for teachers to teach (e.g., knuth, 2002, Cirillo, 2009;
2014).

* Proof is difficult for students to learn (senk, 1985: McCrone & Martin, 2004).



Students’ Difficulties

* “In summary, we have seen that students are
extremely unsuccessful with formal proof in
geometry.”

(Clements & Battista, 1992)

2. * “The teaching of mathematical proof appears to
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Three Studies

« 2005-2008: Longitudinal Dissertation Study
« 2010-2013: The Geometry Proof Project
« 2015-2020: Proof in Secondary Classrooms:

Decomposing a Central Mathematical Practice
(l.e., The PISC Project)



Study 1: The Case of Matt



M att /You can't teach somebody how\
to do a proof....| mean if a
student's really gonna do a
mathematical proof, you look at
the problem and you either see




M att ﬁmean you don't want to go so \

far as to say it doesn't matter
what | do, but the reality is that |
can't prove it for them. You know,
simply showing somebody how to
do a proof will help, but only up
to a certain point. Only until they
understand...the way in which a

roof becomes a proof. J




I'm like a Sherpa. Okay? That's the word I'm

M att looking for. So...you know, I've been up and

down the mountain 50 times....Yeah, I'm like
the Sherpa guide who just walks with you up
the mountain, but then at base camp | just, |
go off and meditate somewhere else and |
really don't pay attention to what you're
doing. And | don't just have one person - I'm
trying to herd like 30 people to the top of the
mountain before next Friday.




Textbook Examples

* Reasoning with Properties
from Algebra

I GLE) Writing Reasons

T = T S L S R e

e E e ]

Solve 55z — 3(9z + 12) = —64 and write a reason for each step.

SOLUTION
55z —3(9z + 12) = —64

55z — 277 — 36 = —64
S 287 — 36 = —64
2_83 = —28

z=—1

Given

Distributive property
Simplify.

Addition property of equality

Division property of equality



Textbook Examples

* Proving Statements
about Segments

312l P Symmetric Property of Segment Congruence

You can prove the Symmetric Property X p
of Segment Congruence as follows.

GIVEN I~ PO = XY
PROVE |- XY = PQ

- Statements ‘; Reasons

1. PO =XY | 1. Given _
2. PO =XY 2. Definition of congruent segments |
3. XY=PQ 3. Symmetric property of equality
4. XY =PQ 4. Definition of congruent segments



Overall Findings

* Despite strong content knowledge and a good teacher
orep program, Matt was at a loss for teaching proof
oeyond show-and-tell.

* Matt wanted to teach “real math,” not just show
students completed Theorems in the boxes in his
textbook.

* Matt’s focus shifted from getting through the required
theorems to attempting to teach students to prove.




Study 2: The Case of Mike



Mike, High School Geometry Teacher

* 8 years of experience at start of project

* Mathematics and Science background

* Conventional Prentice Hall Geometry textbook
* Private boys’ school

* Described students as motivated, curious,
confident, intelligent, and affluent



Mike Began Proof with Triangle Congruence

1. GIVEN: ZA = /D, 2B = /E 20. GIVEN @ LAD,DE 1 AD,
BC=EC BC =EC
PROVE: AABC = ADEC PROVE » ANABC = ADEC
E E
A A
C D C D
N




Mike, Year 1, Day 1

* VIDEO REMOVED



Back to Matt for a
Brief Moment...



Matt — Year 2

* “On Friday the students will begin constructing their
own deductive proofs. Unfortunately, there is no good
way, in my opinion, to ‘teach’ proofs. Students simply
have to do them — like learning to swim by drowning.”

e “Ok, there's only so many of these that | can do with
us together. | just kind of, got to keep throwing you in
the deep end. Letting you thrash around for
awhile. And then throw you a floaty. Haul you back
out and then throw you back in. Alright?”

(Cirillo, 2008)



Back to Mike...



Things | need to know:

* How do | know what steps to write?

*How do | know what order the steps are in?
*Argh! | don’t even know where to start!!!

* How big should | make the T?

* What reasons am | allowed to use?

* How many steps do | need to write?



Mike, Year 1, Day 2

* VIDEO REMOVED



What makes teaching proof in
geometry so tough?

e Curriculum

e Student Readiness

e Lack of recommendations for

scaffolding the introduction to proof
(i.e., understanding of the “shallow end” of the
proof pool)



So what’s a geometry teacher to do?




 What is going on for
students when we
introduce proof?




A Proof

Given: TN bisects TN : P_erpendlcular lines
JK L KM Intersect to form
MN L KM

Prove: /KJL=Z /MNL

p right angles. "

are vertical angles

hon of Line Segment Bisectc
e | Tr———

J

K
KL =~ LM =
N _ . .
{Theorem: Iftwo angles {Deﬁmtlunuf Midpomt) {Theorem: Iftwo angles
arenght angles, then are vertical angles, then

they are congruent.) they are congruent.)

Statements| Reasons

ARTL = AMNL

(ASA = ABA)

Correspoending Parts

LEKIL == £ MNL
o= AS are = (CPCTC)




There 1s much to learn about
‘simple” proofs...

 particular postulates, definitions, and theorems;

* how to use definitions and theorems to draw
conclusions

* how to work with diagrams;

* a variety of sub-arguments and classroom norms for
writing them up; and

* how sub-arguments come together to construct a
larger argument.

31



f there was a shallow end to teaching
oroof, what would it look like?




Study 3: The PISC Project



The Geometry
Proof Scaffold

(i.e., the “GPS”)




The Geometry
Proof Scaffold




The Geometry
Proof Scaffold

(i.e., the “GPS”)




Geometry Proof Scaffold:

A Pedagogical Framework for Teaching Proof

Sub-Goals Descriptions Competencies
1) Having acourate “mental picmres” of geomearic concepts (Le., having a
COnCEpt iImage)

. - 2) Being able to verbally describe geometric concepts, ideally being flnent
_Th'“' sub-goal highlights ﬂm with one or more definitons of the concept (ie, having or developing a
m"“‘“”?‘ qfnndysmnﬂmg concept definition)

the building blocks of —

zeomatry. 3) Determining examples and non-exsmples
4) Understanding connections between classes of geometric objects, where
they overlap, and how they are contained within other classes (1e.,
nnderstanding mathematical hisrarchy)
Thiz sub-goal highlights the |1) Translating berween language and diagram

:.-ﬁ_ ways in which the mathematics
Geometric i )
register draws on 3 range of

2) Translating between dizgram and symbolic notation

Modalities modalities. 3) Translating berween language and symbolic notation
This sub-goal highlights the |1) Writng a “good” definition {Inclndes necessary and sufficient properties)
nal._'u.le °_fﬂ-EﬁﬂiﬁW-‘-: 2) Enowing definitions are not unique (ie , geometric objects can have
their logical structure, diffaren: definitions)
how they are written, N _ i . i —
and howr they are used. 3) Understanding how to write and nse definitions as biconditionals
1) Understanding that empirical reasoning can be nsad to develop a
conjecture but that it is not sufficient proof of the conjecture
lhslsub-goal.recog.;mzaes that 2) Being able to um & conjecture into a testable conditional statement.
Comi . comjecaring is an imporant - - -
onjechunng part of mathematics snd 37 Seeking out cmamples m test mmmes and knowing thar only one
proving. counterexample 15 needed to disprove 8 conjecmurs
4) Understanding that when testing a conjecture, you are testing it for every
case so you might begin by writing: “AllL™ “Every, or “For any™
This sab-goal presents the idea |1) Understanding what can and cannot be assumed from a diagram
Drawing of zn open-ended tack 2) Enowing when and how definitions and/or “Given” informstion can be
e e that leads to conclusions used o draw a conclusion from a smatement abont a mathematical object
that can be drawn — — —
from given statemants )] le.ugPo_states, d:_eﬁmunns, and ﬂ:l.em'e‘ms. {or :mbmanuns of these) 1o
andlor 3 diagram. draw valid conclusions from some given mformation
This sub-goal recognizes that (1) Recognizing a sub-argument as a branch of proof and how it 8ts inte the
there are common short larger proof
Understanding | sequences of statements and |2) Understznding what valid conchisions can be drawn from a ziven statemen|
Commen reasons that are nsad and how those make a sub-argument (i.e., knowing some commonly
Sub-arguments | frequoenty in proofs and that oCourTing sub-arguments)
thase pieces may appesr N _ - i _ i
relatively unchanzed from one 30 Lnd.etstanﬂ.mghw. o Write a»s_ub-ﬂ_gmnmtusmg notaton and acceptable
proofto the next lanzuagze {(where “acceptable™ is typically determined by the teacher)
1) Imterpreting a theorem statement to determine the hypothesis and
conclosion, and, if needed, providing an appropriate disgram
2 If applicable, marking a di m that satisfies the hypothesis of a proof
This sub-goal highlizhts the 3) Bewriting a theorem written in words in symbols and vice versa
ub-go . - - —
pane of tl ] 4)Lnd.ets:f.:nmgﬂ1mammmmtammmnmu]nhas
their logicz] srucmrs, been p

how they are written,
and how they are used.

5) Understanding that one cannot use the conclusions of the theorem itsslf to
prove the conclnsions of that theorem (ie_, aveiding circulsr reasoning)

i) Understanding that theorems are mathematical statements that are only
sometimes biconditonals

7) Understanding the connection between logic and a theorsm for example,
how to write the confrapositive of a conditional statement

Understanding This sub-goal highlights
the Wamre of the namre of proof, proof
Proof struciure, and how

the laws of logic are applied.

1) Understanding that the only way to sanction the tmith of 2 conjecmre s
through deductive proof (rather than empirical reasoning)

2) Exploring a pathway for consmucting a proof (1.e., the problem solving
aspect of proving)

3) Understandmg that proofs are constmcted using axioms, posmlates,
definitions, and theorems and that they follow the laws of logic

4) Enowing what langage is acceptzble 1o use and bow to write up 3 proof

5) Becognizing that if you prove that something is tme for one particular
geometric object, then it is tme for all of them




PISC Project Timeline

Planning ~ Baseline Data Collection  Professional Development  Pilof Lessons  Pilot Lessons (Again] Publication
Year & Lesson Piloting & Summer Lesson Study ~ (Core Teachers) ~ (Core Teachers) & Dissemination

Phase [ Phase 11 Phase III Phase IV Phase V Phase VI
2015-2016 2016-2017 Spring & Summer, 2017 2017-2018 2018-2019 2019-2020



PISC Lesson Plans

1

Getting Started in
Euclidean Geometry

Investigating Geometric
Concepts

Developing Definitions

Coordinating Geometric
Modalities — Day 1

Coordinating Geometric
Modalities — Day 2

Coordinating Geometric
Modalities — Day 3

Drawing Conclusions —
Day 1

Drawing Conclusions —
Day 2 <#>

PISC LESSONS 1-8 PISC LESSONS 9-16

9

10

11

12

13

14

15

16

Deductive Structure

Proving Simple Theorems

Common Sub-Arguments

Hidden Triangles — Day 1

Hidden Triangles — Day 2

First Triangle Proofs

Conjecturing about

Parallelograms — Day 1

Conjecturing about
Parallelograms — Day 2



Five Misconceptions/Errors
Addressed in the PISC Materials



Data Sources

e Over 150 hours of classroom observations of teaching proof in geometry
* Over 40 interviews with teachers of proof in geometry

e Clinical interviews with 29 students who earned As and Bs in their
geometry proof units

* End-of-course post-test results from an 11-item assessment focused on
proof in geometry (n = 389)

e Data (written work and videos) from a 2-week Summer Geometry
Institute (SGI) with 11 students who were scheduled to study geometry
proof in the upcoming year



#1: You can draw conclusions from diagrams.




Given @b/isects @

aole Bisector
”’ = £CBD

\ T




U
V
T X
UX bisects TW atV
(Gilen)
V is the midpoint of TW

(Definition of line segment bisector)



£LFDE and £BAC are
supplementary angles

(G1ven)

l

maFDE + mABAC = 180°

(Definition of Supplementary Angles)



AD is the(Dbisector of BC

\ (Given)
C /\‘

£LADC and £ADB are right angles

(Definition of Perpendicular Lines)

|

Right Angles Are Congruent (THEOREM)



Addressing #1: You can draw conclusions from diagrams.

Teach students to draw valid conclusions before

teaching proof.




# 2: You cannot make assumptions about diagrams.




Assumptions about Diagrams

You may assuille. ..

You may not assume...

Straight Lines and
Angles

If lines and angles look
straight, they are.

Congruent angles
and segments

If angles or line segments
look congruent. they may
not be.

Collinearity

If points look collinear.
they are.

Perpendicular lines

If lines look perpendicular.
they may not be.

Relative Location
of Points

If a point looks like 1t 1s to
the left or right of another
point, 1f 1s.

Parallel Lines

If lines look parallel. they
may not be.

Betweenness of
Points

If a point looks like 1t 1s
between two other points,
it 1s.

Intersection of
Lines

If lines look like they
intersect at a point. they
do.

Relative Size of
Angles and Segments

If an angle or line segment
looks bigger or smaller
than another. 1t may not be.

Adjacent Angles

If angles look adjacent,
they are.

Right Angles

If an angle looks like a
right angle. 1t may not be.




(mven the diagram below, list some things that you may assume and what you may not assume.

C,

D

You may assumne You may not assmmne




Summer Geometry Institute (i.e., Geometry Camp)
Formative Assessment

State two things that you can conclude from the diagram and two things that you cannot.

E Things I can assume Things I cannot assume
Points B¢ T T
T VA s I
A . AE= BF




Addressing # 2: You cannot make assumptions about
diagrams.

Teach students explicitly what they can and cannot

conclude about diagrams.




#3: A definition can include all of the properties that
one knows about the geometric object.




Students practice writing definitions

Questions to Consider When Defining

What 1s the geometric object (e.g., a point, a line segment, a triangle a
quadrilateral)? Consider all options.

What 1s special about this particular object (1.e_, what makes 1t different from
other stmular objects)?

Did you consider possible counterexamples that would indicate that your
defimition 1s maccurate?

Is the definition economical’ (i.e., did you include all of the important
imformation. but not too much)?

Does the defimtion make sense as a biconditional statement?




Task: Define an isosceles triangle

Jackson: An isosceles triangle is a triangle with two
line segments that have equal length.

Shar: Shouldn’t you say sides?

Isosceles Triangle

1. An isosceles triangle 1s a(n) E r l G

(What 1s this geometric @ t )

that WW &:9 !lls
(What 1s special about this particular object?)




Task: Define an isosceles triangle

Jackson: An isosceles triangle is a triangle with two
line segments that have equal length.

Shar: Shouldn’t you say sides?

Isosceles Triangle

1. An isosceles triangle 1s a(n) trl a
ject? )

(What 1s this geometRg

= has 2 con _cof &rwné Sidet

bout this particular object?)




S u I I I I ' I e r 2. Use what you learned about writing good definitions in mathematics to complete the tasks
below.

C a m Define a pentagon. Jenna's teacher asked her to define a rectangle.
What do you think of Jenna's definition below?
Q Would this qualify as a "good" definition? Why
COoMme \ -
; or why not?
g\/\ \S Q A rectangle is a four-sided figure that is also a

Qﬂ»m&, O “ b \ P parallelogram with jour siraightSides, and it has
(\3 two short sides, two longidew

k(: ‘\&\d\ N Q (‘\\% and the opposite sides are parallel.
Y hes €= @X eSlT LWOD o

Ao Clat On SARCe
e e avion

WO R econdM @y,
SWhe Vool C \{\O‘Ee
e

Cou( S\¢ @Ql - -’9(%«
ey GXJCM:\kf“?@ng

| o ¢l
G FouC %{Oﬂ m qov\oj\lg%@ ghe
Lz

S hou 'l or d chef s,




Addressing #3: A definition can include all of the
properties that one knows about the geometric
object.

Have students practice defining and continually
emphasize the importance of knowing definitions.




#4: Bisectors divide triangles in half or act as lines of
symmetry.




Students work on Understanding Geometric
Concepts and Drawing Conclusions around these
ideas...

Given: NP bisects ZMNO

A
M P O

What can you conclude from this Given information?



L

U

Use the figure below to determine what you could conclude if you were "Given" each of the
statements in the various situations.

Figure:
B

A D C

Situation 1: Situation 2:
BD bisects ZABC BD bisects AC
(Given) (Given)
T OO L2 XD D o oNcDe
O T
(Definition of Angle Bisector) (Definition of Line Segment Bisector)

Situation 3:

=

BD is the perpendicular bisector of AC

>
5 5
C

(Given)

.

oo L %

(Definition of Perpendicular Bisector)




Addressing #4: Bisectors divide triangles in half or
act as lines of symmetry.

Focus on the three types of bisectors repeatedly,
and formatively assess students' progress.




#5: When attempting to prove a conjecture as a
theorem, one assumes the conclusion of the
statement.




Suppose you developed the following conjecture and drew the diagram below:
Conjecture: The diagonals of a rectangle are congruent.

Write the "Given" and the "Prove" statements that you would need to prove your conjecture.

Given: The uam S sb o cec A
\Yd K_L‘*\{jw,u\ C

Prove:




Initially allow students to write their
conjectures using their own language...

* Rewrite the conjecture, "The diagonals of a
parallelogram bisect each other," as an "If..., then..."
statement.



Addressing #5: When attempting to prove a
conjecture as a theorem, one assumes the conclusion
of the statement.

Teach students to rewrite conjectures as conditional

statements and identify the hypothesis as the "Given"
and the conclusion.as the "Prove" statement.




Conclusions

Students’ difficulties in learning proof may stem from
inadequate exposure to geometry.

We can provide level-appropriate scaffolding to help
our students avoid an abrupt transition to deductive
proof.

We can break down the skills needed for proofs, and in
so doing, flesh out the “shallow end.”



Conclusions

* Addressing students’ misconceptions through strategic tasks can
support students in being better prepared to write proof in geometry.

* When common misconceptions are addressed, students are less
resistant to learning proof and teachers have greater success in
teaching proof.



Conclusion

PROOF CAN BE TAUGHT!




Or
Y e,

Thank you! $[f)s
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Complete the proof below.

A
h,.-
\ | B
VE
]
IIII'-
"n.,
'“a.,
\2 F_-¥
"n., : L -
4 \ 3
=
+— A DT
Statements

1. 4B 1 4AC and AB 1 AD

Given:

* 4B 1 AC and 4B 1 4D

« 4FE 1 AF

+ AF lies in the interior of £CA4B
+ 4F lies in the interior of Z/BAD

Prove:
Z3 and 4 are complementary

Reasons

1. Given



Use the pieces at the right to construct a two column proof.
Given: AB=CD

BC = AD
Prove: £/BCA=/DAC

A

Use the pieces at the right to construct a two .
column proof. .

|

Given: :4—~B + iD "~ Alternate Interior
DC L AD Angles Theorem

i

Prove: m£ABC = m/BCH

{
Lines Pndcur to ™
L 2 Transversal Thm.







Line Segment [ Perpendicular Vertical
Bisector Lines Angles

Alternate

Interior Linear Pair %':;’

Angles

. ;m _

Five Common Sub—ArgumentS



Student Task

Diagram:
A

Given: 4B bisects DE
AD | DE
BE | DE

Prove: ANADC= ABEC



Student Task

Q Line Segment
: Bisector
OO \ \

Given: 4B bisects DE
AD | DE

BE | DE
o

e: NADC= ANABEC

Diagram:
A




AB bisects DE

Sub-Argument 1 Sub-Argument 2

Line Segment Perpendicular

Bisector A Lines

Sub-Argument 3

\V[Jgiler]

Angles




__~ Sub-Argument 1

Write the Pxeas

AD | DE; BE | DE AB bisects DE

Line Segment

Bisector

(Given) (Given)

Sub-Argument |/

/D and ZE are C is the midpoint Z1 and £2 are
right angles of DE vertical angles

Perpendicular
Lines (Definition of (Definition of Definition of \

Perpendicular Segment Bisector) Vertical Angles)
Sub-Argument 3

Lines)
' v '
/D =/E DC =EC 1= /2

(If two angles are (Definition of (If two angles are
right angles, then Midpoint) vertical angles, then
they are congruent.) / . they are congruent.)

AADC= ABEC

(ASA = ASA)



Perpendicular
Sub-Argument 2 1o

Statements — Reasons
. AD 1 DE; BE 1 DE . Given

2. /D and ZE are right angles . Definition of Perpendicular Lines
. /D=/E . If two angles are right angles, then they

ub-Areument are congruent.

4. ABbisects DE T —— ' Dn;en. . fLine S ¢ Bisect

. Dy — . Definition of Line Segment Bisector
5. C1s the midpoint of DE Bisector Definition of Midpoir%t
6. DC =EC N Afitiae £V astianl Asolas
1. /1 ffld £2 are vertical angles 8. If two angles are vertical ;ngles, then they
§. {1,,:.. 52 o N\ are congruent.
9. INADC = IADbLC \ 9. ASA = ASA

~

Sub-Argument 3



