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What makes teaching proof difficult?





Three Major 
Difficulties in the 
Learning of 
Demonstrative 
Geometry

Rolland R. Smith (1940)



“Three Serious Learning Difficulties”

•Lack of familiarity with geometric figures

•Not sensing the meaning of the if-then
relationship

• Inadequate understanding of the meaning of 
proof



How well do 
students write 
geometry proofs?

Sharon Senk (1985)



Senk’s Recommendations

We must immediately look for more effective ways to teach 
proof in geometry. We should:

• Pay special attention to teaching students to start a chain 
of reasoning;

• Place greater emphasis on the meaning of proof than we 
do currently; and

• Teach students how, why, and when they can transform a 
diagram in a proof.



Research on Proof in School Geometry

• Proof is important – the “guts of mathematics” (Wu, 1996).

BUT

• Proof is challenging for teachers to teach (e.g., Knuth, 2002, Cirillo, 2009; 

2014).

• Proof is difficult for students to learn (Senk, 1985; McCrone & Martin, 2004).



Students’ Difficulties

• “In summary, we have seen that students are 
extremely unsuccessful with formal proof in 
geometry.” 

(Clements & Battista, 1992)

• “The teaching of mathematical proof appears to 
be a failure in almost all countries.”              

(Hershkowitz et al., 2002, p. 675)



Three Studies

• 2005-2008: Longitudinal Dissertation Study

• 2010-2013: The Geometry Proof Project

• 2015-2020: Proof in Secondary Classrooms: 

Decomposing a Central Mathematical Practice

(i.e., The PISC Project)



Study 1: The Case of Matt



Matt You can't teach somebody how 
to do a proof….I mean if a 
student's really gonna do a 
mathematical proof, you look at 
the problem and you either see 
how you do it or you don't. 



Matt I mean you don't want to go so 
far as to say it doesn't matter 
what I do, but the reality is that I 
can't prove it for them. You know, 
simply showing somebody how to 
do a proof will help, but only up 
to a certain point. Only until they 
understand…the way in which a 
proof becomes a proof. 



Matt
I'm like a Sherpa. Okay? That's the word I'm 
looking for. So…you know, I've been up and 
down the mountain 50 times….Yeah, I'm like 
the Sherpa guide who just walks with you up 
the mountain, but then at base camp I just, I 
go off and meditate somewhere else and I 
really don't pay attention to what you're 
doing. And I don't just have one person - I'm 
trying to herd like 30 people to the top of the 
mountain before next Friday. 



Textbook Examples

• Reasoning with Properties 
from Algebra



Textbook Examples

• Proving Statements 
about Segments



Overall Findings

• Despite strong content knowledge and a good teacher 
prep program, Matt was at a loss for teaching proof 
beyond show-and-tell.

• Matt wanted to teach “real math,” not just show 
students completed Theorems in the boxes in his 
textbook.

• Matt’s focus shifted from getting through the required 
theorems to attempting to teach students to prove. 



Study 2: The Case of Mike



Mike, High School Geometry Teacher

• 8 years of experience at start of project

• Mathematics and Science background

• Conventional Prentice Hall Geometry textbook

• Private boys’ school

• Described students as motivated, curious, 
confident, intelligent, and affluent



Mike Began Proof with Triangle Congruence

1. GIVEN: ∠A ≅ ∠D, ∠B ≅ ∠E
𝐵𝐶≅ 𝐸𝐶

PROVE: ∆ ABC ≅ ∆ DEC



Mike, Year 1, Day 1

• VIDEO REMOVED



Back to Matt for a 
Brief Moment…



Matt – Year 2

• “On Friday the students will begin constructing their 
own deductive proofs. Unfortunately, there is no good 
way, in my opinion, to ‘teach’ proofs.  Students simply 
have to do them – like learning to swim by drowning.”

• “Ok, there's only so many of these that I can do with 
us together. I just kind of, got to keep throwing you in 
the deep end. Letting you thrash around for 
awhile. And then throw you a floaty. Haul you back 
out and then throw you back in. Alright?”  

(Cirillo, 2008)



Back to Mike…



Things I need to know:

•How do I know what steps to write?

•How do I know what order the steps are in?

•Argh! I don’t even know where to start!!!

•How big should I make the T?

•What reasons am I allowed to use?

•How many steps do I need to write?    



Mike, Year 1, Day 2

• VIDEO REMOVED



What makes teaching proof in 
geometry so tough?

• Curriculum

• Student Readiness

• Lack of recommendations for 

scaffolding the introduction to proof 

(i.e., understanding of the “shallow end” of the   

proof pool) 



So what’s a geometry teacher to do? 



• What is going on for 
students when we 
introduce proof?



A Proof

Gamma

Statements  Reasons

Corresponding Parts 

of ≅ △s are ≅

No Given? 
Draw a conclusion from 
the diagram?Perpendicular lines 

intersect to form 

right angles.



There is much to learn about 
“simple” proofs…

• particular postulates, definitions, and theorems; 

• how to use definitions and theorems to draw 
conclusions 

• how to work with diagrams;

• a variety of sub-arguments and classroom norms for 
writing them up; and  

• how sub-arguments come together to construct a 
larger argument. 

31



If there was a shallow end to teaching 
proof, what would it look like?



Study 3: The PISC Project



The Geometry 

Proof Scaffold

(i.e., the “GPS”)



The Geometry 

Proof Scaffold

Diagrams

NotationLanguage



The Geometry 

Proof Scaffold

(i.e., the “GPS”)





PISC Project Timeline

N
O
W

C
A
M
P



PISC Lesson Plans
PISC LESSONS 1-8

1 Getting Started in 
Euclidean Geometry 

2 Investigating Geometric 
Concepts

3 Developing Definitions

4 Coordinating Geometric 
Modalities – Day 1

5 Coordinating Geometric 
Modalities – Day 2

6 Coordinating Geometric 
Modalities – Day 3

7 Drawing Conclusions –
Day 1

8 Drawing Conclusions –
Day 2

<#>

PISC LESSONS 9-16

9 Deductive Structure

10 Proving Simple Theorems

11 Common Sub-Arguments

12 Hidden Triangles – Day 1

13 Hidden Triangles – Day 2

14 First Triangle Proofs

15 Conjecturing about 
Parallelograms – Day 1

16 Conjecturing about 
Parallelograms – Day 2



Five Misconceptions/Errors 
Addressed in the PISC Materials



Data Sources

• Over 150 hours of classroom observations of teaching proof in geometry

• Over 40 interviews with teachers of proof in geometry

• Clinical interviews with 29 students who earned As and Bs in their 
geometry proof units

• End-of-course post-test results from an 11-item assessment focused on 
proof in geometry (n = 389)

• Data (written work and videos) from a 2-week Summer Geometry 
Institute (SGI) with 11 students who were scheduled to study geometry 
proof in the upcoming year 



#1: You can draw conclusions from diagrams. 



°°

Angle Bisector



V is the midpoint

𝑈𝑋 𝑏𝑖𝑠𝑒𝑐𝑡𝑠 𝑇𝑊 𝑎𝑡 𝑉

𝑉 𝑖𝑠 𝑡ℎ𝑒 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑇𝑊

(Definition of line segment bisector)



∠𝐹𝐷𝐸 𝑎𝑛𝑑 ∠𝐵𝐴𝐶 𝑎𝑟𝑒
𝑠𝑢𝑝𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝑎𝑛𝑔𝑙𝑒𝑠

𝑚∡𝐹𝐷𝐸 + 𝑚∡𝐵𝐴𝐶 = 180°



∠𝐴𝐷𝐶 𝑎𝑛𝑑 ∠𝐴𝐷𝐵 𝑎𝑟𝑒 𝑟𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒𝑠

(Definition of Perpendicular Lines)

Right Angles Are Congruent (THEOREM)
(Definition of Midpoint)

𝐷 𝑖𝑠 𝑡ℎ𝑒 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐵𝐶

(Definition of Line Segment Bisector)

𝐵𝐷 ≅ 𝐶𝐷

𝐴𝐷 𝑖𝑠 𝑡ℎ𝑒 ⊥ 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝐵𝐶



Addressing #1: You can draw conclusions from diagrams. 

Teach students to draw valid conclusions before 
teaching proof. 



# 2: You cannot make assumptions about diagrams.







Summer Geometry Institute (i.e., Geometry Camp) 
Formative Assessment



Addressing # 2: You cannot make assumptions about 
diagrams.

Teach students explicitly what they can and cannot 
conclude about diagrams.



#3: A definition can include all of the properties that 
one knows about the geometric object. 



Students practice writing definitions

•Define midpoint



Jackson: An isosceles triangle is a triangle with two 
line segments that have equal length. 

Shar: Shouldn’t you say sides? 

Task: Define an isosceles triangle



Jackson: An isosceles triangle is a triangle with two 
line segments that have equal length. 

Shar: Shouldn’t you say sides? 

Task: Define an isosceles triangle



Summer
Camp



Addressing #3: A definition can include all of the 
properties that one knows about the geometric 
object. 

Have students practice defining and continually 
emphasize the importance of knowing definitions.



#4: Bisectors divide triangles in half or act as lines of 
symmetry. 



Students work on Understanding Geometric 
Concepts and Drawing Conclusions around these 
ideas…

Given: 𝑁𝑃 bisects ∠MNO

M O

N

P

What can you conclude from this Given information? 





Addressing #4: Bisectors divide triangles in half or  
act as lines of symmetry. 

Focus on the three types of bisectors repeatedly, 
and formatively assess students' progress.



#5: When attempting to prove a conjecture as a 
theorem, one assumes the conclusion of the 
statement. 





Initially allow students to write their 
conjectures using their own language…

• Rewrite the conjecture, "The diagonals of a 
parallelogram bisect each other," as an "If…, then…" 
statement. 



Addressing #5: When attempting to prove a 
conjecture as a theorem, one assumes the conclusion 
of the statement. 

Teach students to rewrite conjectures as conditional 
statements and identify the hypothesis as the "Given" 
and the conclusion as the "Prove" statement.



• Students’ difficulties in learning proof may stem from 
inadequate exposure to geometry.

• We can provide level-appropriate scaffolding to help 
our students avoid an abrupt transition to deductive 
proof.

• We can break down the skills needed for proofs, and in 
so doing, flesh out the “shallow end.”

Conclusions



Conclusions

• Addressing students’ misconceptions through strategic tasks can 
support students in being better prepared to write proof in geometry. 

• When common misconceptions are addressed, students are less 
resistant to learning proof and teachers have greater success in 
teaching proof. 



Conclusion

PROOF CAN BE TAUGHT!



This material is based upon work supported by the 
National Science Foundation (NSF; Award #1453493, PI: 
Michelle Cirillo). Any opinions, findings, and conclusions 
or recommendations expressed in this material are those 
of the authors and do not necessarily reflect the views of 
the NSF. For more information about the project visit: 
www.pisc.udel.edu.

Email mcirillo@udel.edu for questions 
about  or updates on the project. 
Follow me on Twitter: @UDMichy

Thank you!

http://www.pisc.udel.edu/
mailto:mcirillo@udel.edu




You name it, I tried it!!





Line Segment 
Bisector

Perpendicular 
Lines

Vertical 
Angles

Alternate 
Interior 
Angles

Linear Pair



Student Task



Student Task



Sub-Argument 1

Sub-Argument 3

Sub-Argument 2



Sub-Argument 1

Sub-Argument 3

Sub-Argument 2



Sub-Argument 2

Sub-Argument 1

Sub-Argument 3


